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Cu(NO3)2(pyz)

Measurements 
made in applied 
longitudinal field
allow us to probe 
the dynamics

F Xiao et al. Phys. Rev. B 91, 
144417 (2015). 



Dynamic effects in magnetism

1) What are magnetic dynamics?

2) What does the muon see?

3) Some examples



The 4-fold way of broken symmetry
• Phase transitions

Mathematical singularity at Tc
• Rigidity

order transmits forces
• New excitations

New particle spectrum
• Defects

Walls that separate different order in different 
places



The magnet

• Order parameter M

• Rigidity: permanent magnetism

• Excitations: magnon particles

• Defects: domain walls
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Where do all of these excitations come from?

Some quantities vary very slowly: these are hydrodynamic
modes

Conserved quantities obey conservation laws

Disorder: quantities spread out by diffusion

Order: broken symmetry variables vary slowly; 
spin waves: slowly varying propagating modes

∂M

∂t
= D∇2M

∇ · J = −∂M

∂t

∂2M

∂t2
= c2∇2M



Diffusion: spreading out of an excitation

This occurs to components of magnetization in a magnet



Where did all of these modes come from?

Some quantities vary very slowly: these are hydrodynamic
modes

Conserved quantities obey conservation laws

Disorder: quantities spread out by diffusion

Order: broken symmetry variables vary slowly; 
spin waves: slowly varying propagating modes

∂M

∂t
= D∇2M

∇ · J = −∂M

∂t

∂2M

∂t2
= c2∇2M



Critical slowing down

Near a phase transition we see some very slow timescales

There is often a mode with 1/! = c/"

As a result ! ~ |T-Tc|-# in the simplest case

This is known as critical slowing down

(Beware! This simplest case is often wrong. Lots of models 
given in terms of 1/! =ξ-z, where z is a dynamic exponent.)



How do we understand dynamics?

Two tools:

Correlation: 
- how does a field at some point in space and time differ from 

one at another point?
- Related to Greens functions
- Measured in scattering

Response functions:



J source

J sink

t1

t2

The idea behind correlations

1) Probe the systems at some initial time 
and position

2) Probe the system at another time and 
position

3) Multiply the resulting measured fields

4) Average over the possible results

(Usually, this is only a function of the 
difference of coordinates.)



Correlation/response

l Correlation function

Gij(x, t,x
′, t′) = ⟨Mi(x, t)Mj(x

′, t′)⟩



How do we understand dynamics?

Two tools:

Correlation: 
- how does a field at some point in space and time differ from 

one at another point?
- Related to Greens functions
- Measured in scattering

Response functions:
- How does the system react when its perturbed?
- Related to dissipation of energy
- Measured using susceptibility



Correlation/response

l Correlation function

l Response function

Gij(x, t,x
′, t′) = ⟨Mi(x, t)Mj(x

′, t′)⟩

We often deal with the Fourier transforms of these quantities

δMi(x, t) =

!
dt′d3x′ χ(x, t,x′, t′)δHi(x

′, t′)



Fluctuation-dissipation theorem

l These two approaches measure the same 
thing.

This is the fluctuation-dissipation theorem

G̃(q,ω = 0) = 2kBT lim
ω→0

χ′′(q,ω)

ω



Part II: What does the muon 
see?

























Strong collision model

Consider dynamics as events that reset the muon 
relaxation



How (strong collision) dynamics works

Exponential relaxation

Slow fluctuations Fast fluctuations





Relaxation from dynamics: longitudinal fields

Polarization Relaxation

⍵0 = "μB0, where B0 is the applied longitudinal field 

In this sense we use B0 to probe dynamics

Pz(t) = exp(−λt)

λ =
γ2
µ

2

! ∞

0
dτ cosω0τ [Φxx(τ) + Φyy(τ)]



Dynamics are controlled by a correlation function

Bi(t) is the fluctuating field at the muon site

The correlation function describes the amplitude 
and spread of the fluctuating fields

Φij(τ) = 2γ2
µ⟨Bi(τ)Bj(0)⟩



J source

J sink
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t2

The idea behind correlations

1) Probe the systems at some 
initial time and space

2) Probe the system at another 
time and space

3) Multiply the resulting measured 
fields

4) Average over the possible 
results

(Usually, this is only a function of the 
difference of coordinates.)



Relaxation from dynamics: longitudinal fields

Assume that the local fields are exponentially correlated

Φxx(τ) + Φyy(τ) = 4γ2
µ⟨B2

⊥⟩e−ντ .

Pz(t) = exp(−λt)

λ =
γ2
µ

2

! ∞

0
dτ cosω0τ [Φxx(τ) + Φyy(τ)]

The parameter ν is a relaxation rate



Relaxation from dynamics: longitudinal fields

Integrating, we find that

And, in zero field, where ⍵0 = "μB0 = 0, we have  

λ =
2γ2

µ⟨B2
⊥⟩ν

ν2 + ω2
0

λ =
2γ2

µ⟨B2
⊥⟩

ν
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Relaxation from dynamics: zero field

λ =
2γ2

µ⟨B2
⊥⟩

ν



How (strong collision) dynamics works

Exponential relaxation

Slow fluctuations Fast fluctuations



Relaxation from dynamics: longitudinal fields

Assume that the local fields are exponentially correlated

Φxx(τ) + Φyy(τ) = 4γ2
µ⟨B2

⊥⟩e−ντ .

Pz(t) = exp(−λt)

λ =
γ2
µ

2

! ∞

0
dτ cosω0τ [Φxx(τ) + Φyy(τ)]

The parameter ν is a relaxation rate



λ = g
!

i

" ∞

0
dt ⟨Bi(0)Bi(t)⟩

λ = 2gkBT lim
ω→0

!

q

|D(q)|2χ
′′(q, 0)

ω

The muon response in zero field

Zero-field response

Relate this to 
the spins

Fluctuation 
dissipation theorem

The result

We therefore have a relaxation in terms of a susceptibility

λ = g
!

q

|D(q)|2
" ∞

0
dt ⟨S(−q, 0)S(q, t)⟩

G̃(q,ω = 0) = 2kBT lim
ω→0

χ′′(q,ω)

ω



Summary 1: what does this teach us?

λ = g
!

q

|D(q)|2
" ∞

0
dt ⟨S(−q, 0)S(q, t)⟩

To obtain the muon response we sum over all 
wavevector

We use applied field B0 to probe excitations

λ =
2γ2

µ⟨B2
⊥⟩ν

ν2 + ω2
0



Summary 2: what does this teach us?

Pz(t) =
1

3
e−

2∆2
⊥

ν t +
2

3
e−

∆2
z

ν t cos γBt

Pz(t) = e−
2∆2

⊥
ν t

Below Tc

Above Tc

Relaxes slowly from 1/3 Relaxes quickly

Relaxes to zero

At the transition we expect a shift in the apparent baseline. This 
is often an accurate way to find Tc.



Some examples



At the transition we expect a shift in the apparent baseline. This 
is often an accurate way to find Tc.

Ca3Co2-xMnxO6

Phys. Rev. B 80 020409R (2009)
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λ =
2γ2

µ⟨B2
⊥⟩

ν



Dynamic relaxation in single-molecule magnets

λ =
2γ2

µ⟨B2
⊥⟩ν

ν2 + ω2
0



Spin dynamics in 1D

Are they diffusive or ballistic?

λ =
2γ2

µ⟨B2
⊥⟩ν

ν2 + ω2
0

A case where does not apply



Relaxation rate allows us to determine the spin 
transport mechanism

Diffusion:  λ~G(ω0) ~ ω0
-1/2

Ballistic:    λ~G(ω0) ~ ln(J/ω0)

Rate determined by the 
spin-spin correlation 

function G(ω0)

F.L. Pratt et al., PRL 96 247203 (2006)
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J sink
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Cu(NO3)2(pyz)

Measurements 
made in applied 
longitudinal field
allow us to probe 
the dynamics

F Xiao et al. Phys. Rev. B 91, 
144417 (2015). 
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Dynamics in spin ladders



DIMPY: a 
strong-leg 
spin ladder

(C7H10N)2CuBr4

Jleg/Jrung=2.3

Bc = 3.0 T

T

0
B0Bc Bc2

QD

LL

LRO

QC
≈ J/kB

≈ J ′/kB



Two predicted regimes of spin ladder behaviour:

Strong rung: repulsive interactions, 
λ ~ Tα, α> -0.5

Strong leg: attractive interactions, 
λ ~ Tα, α< -0.5



were extracted from the fits to the data systematically in
the equivalent temperature range 2Tc < T < 3Tc at all
field values.

To emphasize the universal 1=T1 behavior, we present in
Fig. 2(e) the 1=T1 data in a scaled form, that is, by plotting
1=ðT1T

!Þ normalized to 1 within the fitting range as a
function of T=Tc. We see that the data for 2Tc<T<3Tc,
and well beyond 3Tc when available, collapse on a flat line,
confirming a power-law behavior. The extracted ! is plot-
ted as a function of field in Fig. 3. We find ! in the range
# 0:75< !< # 0:5, which corresponds to the attractive
interaction, i.e., 1<K < 2. Moreover, ! clearly converges
toward # 0:5, i.e. K ¼ 1, as the field approaches Hc1.
This indicates that the system approaches the noninteract-
ing regime and/or the 1D quantum critical regime, as
expected from theory. These NMR relaxation data provide
the first direct evidence for power-law correlations in
DIMPY and, more generally, attractive interactions in a
spin-ladder TLL.

As shown in Fig. 3, we find a quantitative difference
between the experimental results and the DMRG calcula-
tions reported in Ref. [27]. The experimental data yield
much larger K values than the calculated ones. The reason
for this difference is not clear at the moment. In principle,
larger Jleg=Jrung than estimated could lead to larger K.
Another possibility might be that the residue of thermal
critical fluctuations contribute to 1=T1 up to higher tem-
peratures than 2Tc assumed here, due to their quasi-1D
magnetic character. We compared our 1=T1 data with the
available model of purely 1D ladders with the dominant
transverse fluctuations [20,34]. However, as one
approaches Tc from above, deviation from this simple
picture should arise as soon as the interladder correlations
become relevant. These correlations can probably be
treated in mean-field approximation, taking into account
the full 1D fluctuations. They are further followed by a
crossover regime before reaching the critical one in the

vicinity of Tc. It will be interesting to take into account
these additional theoretical considerations and calculate
1=T1 accordingly, to compare with the experimental data
as well as to set up the upper bound in temperature for this
model. However, these calculations are not available yet
and are beyond the scope of the present work. On the
experimental side, further measurements using different
techniques would help to resolve the issue. Inelastic neu-
tron scattering is another candidate to measure similar
properties.
To the best of our knowledge, the results presented here

are the first direct evidence for TLL with attractive inter-
actions realized in condensed matter. Most 1D physical
realizations such as carbon nanotubes and others are
known to support repulsive interactions [4]. For AF quan-
tum spin systems, calculations show that a few models,
e.g., a spin-1=2 XY ladder or an XXZ chain with ferro-
magnetic anisotropy, should support attractive interactions
[20,34], but their experimental realization must be quite
challenging. Heisenberg spin-1=2 ladders thus appear par-
ticularly interesting as they present both repulsive and
attractive regimes according to the Jleg=Jrung value, where
the crossover takes place across Jleg=Jrung ’ 1. Our 1=T1

results now establish this rather unique case of the attrac-
tive regime for Jleg=Jrung > 1. Furthermore, the magnetic
field driven variation of K corresponds to the tuning of
TLLmodel parameters by external means, akin to quantum
simulation [36]. Indeed, the spin ladders and other gapped
1D spin systems [37] increasingly prove their utility under
a magnetic field. They host and allow manipulation of
quantum phases and many-body phenomena not only at
the qualitative but also at the quantitative level [17,36,38],
which might be otherwise difficult or impossible to realize.
To summarize, our NMR 1=T1 results of the ideal

strong-leg spin-1=2 ladder compound DIMPY under a
magnetic field provide the first evidence for a TLL with
attractive interactions. The parameter K is shown to vary
between 1 and 2 as a function of field, which indicates the
field-controlled strength of the attractive interactions. In
addition, the NMR line splitting at low temperature evi-
dences the order parameter in DIMPY for the first time.
The ordered phase is likely a canted XY antiferromagnet
that can be described as the BEC of magnons.
We thank T. Giamarchi for discussions and P. Bouillot

for sharing the DMRG data. This work has been supported
by EuroMagNET II under the EU Contract No. 228043 and
by the Swiss National Fund under MaNEP and Division II.
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FIG. 3 (color online). The extracted ! as a function of applied
magnetic field. The solid line represents the DMRG calculations
reported in Ref. [27]. The corresponding K values can be read
from the scale on the right axis.

PRL 111, 106404 (2013) P HY S I CA L R EV I EW LE T T E R S
week ending

6 SEPTEMBER 2013

106404-4

DIMPY: a strong-leg spin ladder

Power law in spin relaxation 1/T1 gives an insight into interactions 

M. Jeong, et al., Phys. Rev. Lett. 111, 106404 (2013).



0.2

0.3

0.4

0.5

λ
(M

H
z)

0.15 0.25 0.5 1.0 2.0

T (K)

B0=2.5 T

0.5

1

2

λ
(M

H
z)

B0=4.8 T

T
c ≈

0.3
K

λ ∝ T−0.62

T
a ≈

0.6
K

DIMPY: a strong-leg spin ladder

T

0
B0Bc Bc2

QD

LL

LRO

QC
≈ J/kB

≈ J ′/kB

(C7H10N)2CuBr4

Jleg/Jrung=2.3

Bc = 3.0 T

J.S. Möller et al., Phys. Rev. B 
95 020402(R) (2017)



were extracted from the fits to the data systematically in
the equivalent temperature range 2Tc < T < 3Tc at all
field values.

To emphasize the universal 1=T1 behavior, we present in
Fig. 2(e) the 1=T1 data in a scaled form, that is, by plotting
1=ðT1T

!Þ normalized to 1 within the fitting range as a
function of T=Tc. We see that the data for 2Tc<T<3Tc,
and well beyond 3Tc when available, collapse on a flat line,
confirming a power-law behavior. The extracted ! is plot-
ted as a function of field in Fig. 3. We find ! in the range
# 0:75< !< # 0:5, which corresponds to the attractive
interaction, i.e., 1<K < 2. Moreover, ! clearly converges
toward # 0:5, i.e. K ¼ 1, as the field approaches Hc1.
This indicates that the system approaches the noninteract-
ing regime and/or the 1D quantum critical regime, as
expected from theory. These NMR relaxation data provide
the first direct evidence for power-law correlations in
DIMPY and, more generally, attractive interactions in a
spin-ladder TLL.

As shown in Fig. 3, we find a quantitative difference
between the experimental results and the DMRG calcula-
tions reported in Ref. [27]. The experimental data yield
much larger K values than the calculated ones. The reason
for this difference is not clear at the moment. In principle,
larger Jleg=Jrung than estimated could lead to larger K.
Another possibility might be that the residue of thermal
critical fluctuations contribute to 1=T1 up to higher tem-
peratures than 2Tc assumed here, due to their quasi-1D
magnetic character. We compared our 1=T1 data with the
available model of purely 1D ladders with the dominant
transverse fluctuations [20,34]. However, as one
approaches Tc from above, deviation from this simple
picture should arise as soon as the interladder correlations
become relevant. These correlations can probably be
treated in mean-field approximation, taking into account
the full 1D fluctuations. They are further followed by a
crossover regime before reaching the critical one in the

vicinity of Tc. It will be interesting to take into account
these additional theoretical considerations and calculate
1=T1 accordingly, to compare with the experimental data
as well as to set up the upper bound in temperature for this
model. However, these calculations are not available yet
and are beyond the scope of the present work. On the
experimental side, further measurements using different
techniques would help to resolve the issue. Inelastic neu-
tron scattering is another candidate to measure similar
properties.
To the best of our knowledge, the results presented here

are the first direct evidence for TLL with attractive inter-
actions realized in condensed matter. Most 1D physical
realizations such as carbon nanotubes and others are
known to support repulsive interactions [4]. For AF quan-
tum spin systems, calculations show that a few models,
e.g., a spin-1=2 XY ladder or an XXZ chain with ferro-
magnetic anisotropy, should support attractive interactions
[20,34], but their experimental realization must be quite
challenging. Heisenberg spin-1=2 ladders thus appear par-
ticularly interesting as they present both repulsive and
attractive regimes according to the Jleg=Jrung value, where
the crossover takes place across Jleg=Jrung ’ 1. Our 1=T1

results now establish this rather unique case of the attrac-
tive regime for Jleg=Jrung > 1. Furthermore, the magnetic
field driven variation of K corresponds to the tuning of
TLLmodel parameters by external means, akin to quantum
simulation [36]. Indeed, the spin ladders and other gapped
1D spin systems [37] increasingly prove their utility under
a magnetic field. They host and allow manipulation of
quantum phases and many-body phenomena not only at
the qualitative but also at the quantitative level [17,36,38],
which might be otherwise difficult or impossible to realize.
To summarize, our NMR 1=T1 results of the ideal

strong-leg spin-1=2 ladder compound DIMPY under a
magnetic field provide the first evidence for a TLL with
attractive interactions. The parameter K is shown to vary
between 1 and 2 as a function of field, which indicates the
field-controlled strength of the attractive interactions. In
addition, the NMR line splitting at low temperature evi-
dences the order parameter in DIMPY for the first time.
The ordered phase is likely a canted XY antiferromagnet
that can be described as the BEC of magnons.
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were extracted from the fits to the data systematically in
the equivalent temperature range 2Tc < T < 3Tc at all
field values.

To emphasize the universal 1=T1 behavior, we present in
Fig. 2(e) the 1=T1 data in a scaled form, that is, by plotting
1=ðT1T

!Þ normalized to 1 within the fitting range as a
function of T=Tc. We see that the data for 2Tc<T<3Tc,
and well beyond 3Tc when available, collapse on a flat line,
confirming a power-law behavior. The extracted ! is plot-
ted as a function of field in Fig. 3. We find ! in the range
# 0:75< !< # 0:5, which corresponds to the attractive
interaction, i.e., 1<K < 2. Moreover, ! clearly converges
toward # 0:5, i.e. K ¼ 1, as the field approaches Hc1.
This indicates that the system approaches the noninteract-
ing regime and/or the 1D quantum critical regime, as
expected from theory. These NMR relaxation data provide
the first direct evidence for power-law correlations in
DIMPY and, more generally, attractive interactions in a
spin-ladder TLL.

As shown in Fig. 3, we find a quantitative difference
between the experimental results and the DMRG calcula-
tions reported in Ref. [27]. The experimental data yield
much larger K values than the calculated ones. The reason
for this difference is not clear at the moment. In principle,
larger Jleg=Jrung than estimated could lead to larger K.
Another possibility might be that the residue of thermal
critical fluctuations contribute to 1=T1 up to higher tem-
peratures than 2Tc assumed here, due to their quasi-1D
magnetic character. We compared our 1=T1 data with the
available model of purely 1D ladders with the dominant
transverse fluctuations [20,34]. However, as one
approaches Tc from above, deviation from this simple
picture should arise as soon as the interladder correlations
become relevant. These correlations can probably be
treated in mean-field approximation, taking into account
the full 1D fluctuations. They are further followed by a
crossover regime before reaching the critical one in the

vicinity of Tc. It will be interesting to take into account
these additional theoretical considerations and calculate
1=T1 accordingly, to compare with the experimental data
as well as to set up the upper bound in temperature for this
model. However, these calculations are not available yet
and are beyond the scope of the present work. On the
experimental side, further measurements using different
techniques would help to resolve the issue. Inelastic neu-
tron scattering is another candidate to measure similar
properties.
To the best of our knowledge, the results presented here

are the first direct evidence for TLL with attractive inter-
actions realized in condensed matter. Most 1D physical
realizations such as carbon nanotubes and others are
known to support repulsive interactions [4]. For AF quan-
tum spin systems, calculations show that a few models,
e.g., a spin-1=2 XY ladder or an XXZ chain with ferro-
magnetic anisotropy, should support attractive interactions
[20,34], but their experimental realization must be quite
challenging. Heisenberg spin-1=2 ladders thus appear par-
ticularly interesting as they present both repulsive and
attractive regimes according to the Jleg=Jrung value, where
the crossover takes place across Jleg=Jrung ’ 1. Our 1=T1

results now establish this rather unique case of the attrac-
tive regime for Jleg=Jrung > 1. Furthermore, the magnetic
field driven variation of K corresponds to the tuning of
TLLmodel parameters by external means, akin to quantum
simulation [36]. Indeed, the spin ladders and other gapped
1D spin systems [37] increasingly prove their utility under
a magnetic field. They host and allow manipulation of
quantum phases and many-body phenomena not only at
the qualitative but also at the quantitative level [17,36,38],
which might be otherwise difficult or impossible to realize.
To summarize, our NMR 1=T1 results of the ideal

strong-leg spin-1=2 ladder compound DIMPY under a
magnetic field provide the first evidence for a TLL with
attractive interactions. The parameter K is shown to vary
between 1 and 2 as a function of field, which indicates the
field-controlled strength of the attractive interactions. In
addition, the NMR line splitting at low temperature evi-
dences the order parameter in DIMPY for the first time.
The ordered phase is likely a canted XY antiferromagnet
that can be described as the BEC of magnons.
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FIG. 3 (color online). The extracted ! as a function of applied
magnetic field. The solid line represents the DMRG calculations
reported in Ref. [27]. The corresponding K values can be read
from the scale on the right axis.
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DIMPY: a strong-leg spin ladder



Conclusions

Dynamics can be understood using a 
variety of pictures:
(energy level transitions, strong collisions, 
correlation functions)

Muons are relaxed by slowly fluctuating 
variables

Dynamic relaxation in the fast fluctuating 
regime is typically exponential



Next lecture: some key 
results


