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Neutrons are waves

Neutron located “somewhere in Δx”	

must increase Δx to define λ better - or increase Δλ to define x better - 
Heisenberg	

!
The longer the Δx, the larger the spatial and temporal coherence of the 
neutron - more monochromatic Long wavelengths (1-10 Å)	

!
Neutrons are usually considered as infinite plane waves - non-local probe

Δx

 (x, t) =
1p
2⇡

Z 1

�1
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dk



Muons are particles

Muon wavelengths are much shorter ~7 fm. (for 4.1 MeV muons)	

!
Also, fractional spread of wavelengths much larger, so wavepacket is much 
shorter in extent	

!
Muons are usually considered as point-like particles - local probe

Δx

 (x, t) =
1p
2⇡

Z 1
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A(k)ei(kx�w(k)t)

dk



Implantation experiments
1) Implant muon

3) Muon stops
4) Muon moment 
precesses round internal 
magnetic field
5) Muon decays emitting 
positrons in direction of 
magnetic moment

2) Muon jumps around a 
bit



• In a scattering experiment, a beam of radiation is incident on a 
sample	


•The distribution of radiation scattered from the sample is 
measured	


•This is determined by the interaction potential of the radiation 
and the sample	


•The radiation must be coherent (either spatially or temporally or 
both)

Scattering experiments

beam of particles

sample

detector



Scattering experiments
• “Diffraction”	


• assumes “elastic scattering” - no energy transferred to/from 
   sample	

• measurement of crystal structures, atomic correlations in  
   liquids/glasses	


 Inelastic scattering (spectroscopy)	

• energy transferred to/from sample	

• measurement of lattice vibrations (phonons), atomic  
   diffusion, molecular modes	


 Small-angle scattering	

• diffraction at very small angles	

• measuring large objects - proteins, colloids, aggregates, nano-  
   particles, etc	


 Reflectometry	

• diffraction from a surface - specular or off-specular	

• measures depth profile of thin films, membranes, etc.



Neutrons
Neutrons

Charge 0

Mass 1.675 ×10

Spin 1/2

Magnetic Moment -1.913 

Momentum mv = ħk

Energy ½mv

Nuclear scattering O(r
(short range nuclear forces)

Magnetic scattering O(r

n 0.9997 → 1.0001

Φ/ΔΩ 10
(60MW reactor)



Neutron interactions
• Neutron scatter via:  

- Nuclear interactions (electrons ignored)  
- Magnetic interactions (unpaired electrons)

Atom: 10-10 m

Nucleus: 10-15 m

V ∝ b

Nuclear Magnetic

V ∝ μ.B→→



Scattering conservation laws

z
Incoming plane wave

Scattered spherical wave

Elastic scattering:  

kf

ki

 f = � b

r
exp(ikfr) i = exp(ikiz)

|ki| 6= |kf |, �E = ~! =
~2

2mn
(k2

i � k2
f )

|ki| = |kf | =
2⇡

�

Inelastic scattering:  

Q = ki � kf Momentum transfer

Energy transfer



Neutron interactions
Scattering intensity:	


I ∝ b2



So why neutrons?
•No charge - penetrating	

•Weakly interacting (small perturbation)	

•Strong magnetic interaction (s = 1/2)	

•Strong scattering from light nuclei  
(e.g. H)	

!

Thermal neutrons (λ=1.8 Å, v = 2200 ms-1)	

• λ ~ interatomic spacing	

• Ek ~ phonon excitations 
 
- developed alongside nuclear fission	

!



Ordered magnets
In most magnetic materials, interactions between magnetic moments lead to a 
state of low energy via moment alignment (ordering)

e.g. classical Heisenberg hamiltonian

 is exchange interaction constant 

If is negative, then antiparallel 
alignment is favourable

If is positive, then parallel alignment is 
favourable

Ĥ = �
X

ij

JijSi · Sj

Jij

Jij

Jij
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• Small samples!
!

• Small moments 

• Order parameter 
directly



Neutrons and ordered magnets

prefactor = 0.073 barns 

Landé g-factor 
for magnetic ion

Magnetic form-factor 
for scattering ion

Spin-correlations: only spin 
components perpendicular 

to Q are involved

Spins summed with phase-
factor (i.e. magnetic 

structure factor)
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The expression for the scattered neutron intensity for a 
magnetic material is

If the material is ordered, this intensity will look like sharp 
peaks - Bragg’s Law

where hSii is the average spin direction for site i, and �Si ⌘ Si � hSii is the spin fluctuation at site i.
For a system with more than one atom in its magnetic unit cell, we label a site i in the spin configuration by two

indices: a unit-cell index a (labelling the spins within the magnetic unit cell) and a lattice vector R (giving the position
of a specific magnetic unit cell within the configuration). Then we write the position of a spin as

ri = ra +R. (4)

The total number of spins N = N
cell

NR, where N
cell

is the number of spins in the magnetic unit cell, and NR = NaNbNc

is the number of magnetic unit cells in the spin configuration. With this notation,

hSai ⌘
1

NR

X

R

Sa,R, (5)

from which it follows that X

R

�Sa,R ⌘ 0 (6)

for any site a in the magnetic unit cell.
The magnetic scattering amplitude is given by

F?
(Q) =

NX

i=1

S?
i exp (iQ · ri) , (7)

where Q is the scattering vector, superscript ? indicates projection perpendicular to Q, and the sum is over all N spins
in the spin configuration. The magnetic total scattering intensity is proportional to the square modulus of the scattering
amplitude,

I(Q) = C [gf(Q)]

2

��F?
(Q)

��2 , (8)

where the constant C = (�
n

r
e

/2)
2

= 0.07265 barn (and I’ve assumed that the spin configuration contains only a single
type of spin, e.g. Gd3+ only).

Multiplying out the square in (8), the total scattering intensity can be written as a sum of several terms:

I(Q) = C [gf(Q)]

2

X

i,j

S?
i · S?

j exp [iQ · (ri � rj)] (9)

= C [gf(Q)]

2

8
<
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X

i,j

�S?
i ·�S?

j exp [iQ · (ri � rj)] + cross terms

9
=

; .(10)

In a simulation, the range over which the sum is performed depends on the boundary conditions that are used. With open
boundary conditions, the sum is over all pairs of spins, whereas with periodic boundary conditions, then the sum is over
all pairs for which |ri � rj | < L/2, where L is the length of the shortest side of the box.

In the case of an infinite (real) crystal, (9) simplifies in the following ways. The first term in (9) involves only the
average magnetic structure, which is repeated periodically. Using the standard result

X

R

exp(iQ ·R) ! (2⇡)
3

V
cell

X

G

�(Q�G), (11)

where V
cell

is the volume (in Å3) of the magnetic unit cell and G is a reciprocal lattice vector of the magnetic unit cell,
we obtain the usual expression for magnetic Bragg scattering:

I
Bragg

(Q) = C [gf(Q)]

2

(2⇡)
3

V
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N
cell

X

G

��F?
cell

(G)

��2 �(Q�G), (12)

in which

F?
cell

(G) =

NcellX

a=1

hSai? exp (iG · ra) (13)

is the scattering amplitude for a single magnetic unit cell. The choice of magnetic unit cell is not unique—although for
GTO the natural choice to calculate Bragg scattering is a doubling of the crystallographic cell (i.e., G = ha⇤ + kb⇤

+ kc⇤

6

� = 2d sin ✓



Famous example: MnO

Nuclear unit cell Magnetic unit cell

a 2a



Famous example: MnO

New magnetic peaks

C. G. Shull & J. S. Smart, Phys. Rev. 76 (1949) 1256	


MnO, 80 K, 
antiferromagnetic 

MnO, 300 K, 
paramagnetic 

� = 2d sin ✓



What do muons see?: MnO

No coherent oscillations	

!
Drop of asymmetry to 1/3 
high temperature value	

!
Seemingly - residual 
dynamics below transition…

Y J Uemura, et. al., Hyperfine Interactions 6 (1979) 127
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Neutrons on p-NPNN
Magnetic + nuclear Bragg peaks measured as “flipping ratios” 
with polarized neutrons

Not only gives magnetic symmetry (structure) but also the 
magnetisation (spin) density

M(Q) =

X

i

exp(i ~Q · ~ri)~si

=

X

jd

exp(i ~Q · ~Rjd)

X

e

exp(i ~Q · ~re)~se

~r = ~Rjd + ~re

electron at position re	

dth atom, in	

jth unit cell

magnetic structure factor magnetic form factor



Neutrons on p-NPNN
M(Q) can be inverted (maximum entropy) to produce real 
space spin density maps

Fig. 7. Experimental spin density in the para-nitrophenyl deriv-
ative: projection onto the nitroxide mean plane. (a) High-level
contours (step 0.1!

!
/As "). (b) Low-level contours (step

0.005!
!
/As ").

a critical temperature ¹
!
"0.6K. The ! phase of

this compound crystallizes in the orthorhombic
and non centric space group Fdd

"
. In the crystal,

the distances between the O}N}C}N}O fragments
carrying the major part of the unpaired electron is
very large and cannot explain the ordering in this
compound. It is the nitrophenyl group that appar-
ently plays a key role in the exchange interaction.

The projection of the spin density along the
"H direction is shown in Fig. 7 [16]. Most of the
spin is located on the two N and the two O atoms,
as in the previous cases and almost equally shared
by these four atoms. The negative contribution on
the central carbon is still present. On the nit-
rophenyl group, a contribution is found on the
nitrogen atom of the NO

"
group, in a 2p orbital

perpendicular to the NO
"

plane. In the crystal
packing, this nitrogen atom is located in fact be-
tween two nitroxyl oxygen atoms belonging to two
neighboring molecules, at a distance K3.22As . The
density found on this nitrogen is a clear evidence of
a superexchange type interaction between the spins
on two molecules through this intermediate atom.
The orbitals involved are orthogonal (" orbital of
the NO groups and 2p

!
of the nitrogen of the NO

"
group), resulting in a ferromagnetic coupling.

4. Conclusion

The knowledge of the magnetization density es-
pecially in molecular compounds is primordial
since this distribution is at the origin of the di!erent
behaviors observed in magnetic compounds. The
classical polarized neutron di!raction technique
plays a fundamental role in giving answers to many
open questions concerning the delocalization of the
spin density, the spin polarization e!ects, the modi-
"cation of the magnetic molecular orbitals upon
coordination. Of particular importance is the im-
pact of this technique on theoretical ab initio calcu-
lations: the direct comparison of theoretical and
experimental spin densities is a very sensitive test
for the di!erent levels of approximations, much
more sensitive than spectroscopic techniques. Some
of the experimental results obtained allowed to
re-examine many features that were considered as
conclusive.

E. Ressouche / Physica B 267}268 (1999) 27}36 35
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Neutrons on p-NPNN
Order parameter for magnetism ….

0.1 μB / Å2
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square root of the total intensity. For this reason all the 
measurements were performed on only one Bragg 

reflection- the (062), for which the nuclear intensity [FN[ 2= 
24.4.10-~cm ' is relatively weak and the magnetic signal 

expected to be significant: ]F~)12--0.241"10"u is ¢m 2 

and ( ~ = 0 . 0 0 9 8 ) .  Working in this Bragg position 
also has the advantage that the scattering vector is 
orthogonal to the direction of spontaneous magnetization 
found by zfmSR (the i axis12). One thus expects to 
obtain the maximal magnetic signal corresponding to 
a--90 o. 

Preliminarily oriented by Lauc X-ray diffraction 
the sample was mounted with the crystallographic 
axis vertical in aHe3-He4 dilution cryostat on the 
DN3 lifting counter diffractometer at the reactor Siloe 
(CEN Grenoble). The experimental wavelength of the 

i1 tt 
i 

L 
776 ' I ' I 

400  800 
T ( i n K )  

Figure 2 

unpolarized neutron beam was 1.54A. To increase the 
accuracy, the diffiactometer was positioned on the 
intensity maximum of the (062) Bragg peak and no 
integration of intensity was performed. The peak 
intensity was measured at different temperatures in the 
range 50-800mK. To ensure the reproducibility of  the 
results measurements at very low (<100mK) 
temperature and above T c (>700inK) were performed 
several times, at different moments of  the experiment. 

3. Results and Discussion. 
In molecular materials, especially in organic 

compounds, each spin carrier consists of  dozens of  atoms 
and the magnetic scattering intensity is much weaker then 
the nuclear one. Moreover, the spin density is usually 
spread over the molecular skeleton. In result the density 
of  nuclear scattering length in the crystal is much larger 
than that of  magnetization. In p-NPNN the spin is 
evenly shared by the atoms of the two NO groups and 
there is only one unpaired electron per 32 nuclei. It is 
obvious, that for this particular compound a complete 
determination of the magnetic structure using 
unpolarized neutron diffraction is practically 
impossible. 

On solving the crystal structure of  the compound 
by unpolarized neutron diffraction s on a crystal, similar to 
the one used in this experiment, we had to consider the 
extinction of Bragg reflections which is quite significant. 
Fortunately, the (062) is among the weaker Bragg peaks 
and the extinction corrections are negligible and need not 
be made. 

The (062) intensity versus temperature curve is 
presented on Fig.2. Due to the large experimental error 
bars the exact value of transition temperatme is difficult 
to estimate precisely, but the value of 0.67K given by 
zfmSR 6 fits well our data. The solid curve is a least-square 
fit using a mean-field spin 1/2 dependence given by the 
equation (2), in which M is the self-consistent 
spontaneous magnetization. The parameters refined are 
the temperature-independent nuclear intensity and a 
scaling factor for the magnetic contribution. 

The increase of intensity below T c is 0.96(8)%, 

which corresponds to ]PMI 2 sin2(ao~) ~ 0 ,  2 3 / 2 )  ° lO-Ucm 2. 

Comparing this value to the precalculated IF~O~m'12 = 
0.24.10 -u cm 2 and asuming that 13 p.NPNN orders in a 
colinear magnetic structure, one comes to the conclusion 
that 70" <a~_<90" .  This is consistent with zfmSR 
experiments which suggest that the direction of 
spontaneous magnetization in the crystal is along the 
crystallographic axis. 

4. Conclusion. 
The unpolarized neutron diffraction on the organic 

ferromagnetic compound p-NPNN appeared to be a 
difficult experiment, due to the weak ratio of nuclear and 
magnetic scattering intensities and to the fact that 
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S=1/2 Sr3ZnRhO6
A. D. HILLIER et al. PHYSICAL REVIEW B 83, 024414 (2011)

FIG. 1. (Color online) Unit cell of Sr3ZnRhO6 in the hexagonal
setting. The octahedral sites (blue color) are occupied by Rh4+ ions
and the trigonal prism site (gray) is occupied by Zn2+ ions. The
bottom figure shows the triangular arrangement of the chains in the
ab plane.

no evidence for a secondary phase within the detection limit
(2%) of the x-ray diffraction data and the pattern obtained
is in excellent agreement with our previous study.10 The
dc-magnetization measurements were carried out using a
Quantum Design magnetic property measurement system
(MPMS-5S) SQUID magnetometer, and the ac magnetiza-
tion and heat capacity, CV , measurement were carried out
using a Quantum Design physical properties measurement
system. The neutron diffraction measurements were carried
out on the GEM and WISH time-of-flight diffractometers
at the ISIS facility of the Rutherford Appleton Laboratory
(UK). The sample filled a vanadium can of 6-mm diameter
and placed inside a standard helium cryostat. The µSR
experiments were performed on the MuSR spectrometer at
the ISIS facility in longitudinal geometry. At ISIS, pulses
of muons are implanted into the sample at 50 Hz and
with a full width at half maximum of ≈70 ns. These
implanted muons decay with a half-life, τµ, of 2.2 µs into
positrons, which are emitted preferentially in the direction
of the muon spin axis. Each positron is time stamped
and therefore the muon polarization can be followed as
a function of time. The MuSR spectrometer comprises 64
detectors. The counts of detectors before the sample (F)
are summed together as well as the detectors after the

sample (B). The muon polarization then can be determined
by,

Gz (t) = NF (t) − αNB (t)
NF (t) + αNB (t)

, (1)

where NF and NB are the counts in the forward and
backward detectors, respectively, and α is a calibration
constant. The sample was mounted onto an Ag plate and
covered with a thin layer of mylar. The sample mount was
then inserted into an Oxford Instruments Variox cryostat
with a temperature range of 1.2 K to 300 K. Any exposed
Ag to the muon beam would give a flat time-independent
background.

III. RESULTS

A. Structural study: Neutron diffraction

The room temperature neutron diffraction data were ana-
lyzed using the GSAS Rietveld refinement program15 using all
six detector banks of the GEM neutron diffractometer, each of
which gives a different range in Q (or d spacing) and resolution
(Fig. 2). Diffraction patterns from the six banks were fitted
simultaneously. During the refinement, site occupancies of
Sr, Zn, and O were varied while keeping the Rh occupancy
fixed at 100%. It was confirmed that the sample crystallized
in the trigonal space group, R3c (No. 167), and was found
to be single phase. The results of the refinement, at 300 K,
are summarized in Table I. The refined lattice parameters
are in good agreement with previously reported values14 and
the oxygen content was found to be 89.1(2)%. It should be
noted that the Sr and Zn sites are not fully occupied (see
Table I). The values of atomic position parameters, interatomic
distances, and the bond angles obtained from the refinement at
300 K are also in good agreement with those reported by
Layland et al.14 The octahedral distortion is shown by an
O-Rh-O bond angle of 85.68(1)◦ compared to 90◦ for a perfect
octahedron. The neutron diffraction data show no evidence of
the nonmagnetic incommensurate phase down to 2 K as was
reported by Layland et al..14 Also, we have not observed any
monoclinic or triclinic distortions which have been observed
in a few Cu-based systems where the Cu atoms are displaced
from the center of the chain.16

B. Magnetization

The dc susceptibility was measured between 2 and 300 K
in a range of applied magnetic fields between 2.5 mT to 7 T
and the results are shown in Fig. 3(a). The ac susceptibility
was also measured between 3.5 and 300 K with a range of
frequencies from 10 to 10 000 Hz with an excitation field of
15 G [see Fig. 3(c)]. The dc susceptibility shows a broad peak at
around 38 K and a minimum at 15 K (slightly field dependent
at 10 K) with a weak rise when the temperature is further
lowered. For temperatures greater than 100 K the inverse
susceptibility vs. temperature plot exhibits a linear behavior
Fig. 3(b), i.e., the susceptibility follows a CW behavior, which
gives an effective magnetic moment, µeff , of 1.76(1) µB and
a CW temperature, θp, of −40(1) K. The large negative value
of θp indicates strong antiferromagnetic correlations between
the Rh atoms. The value of observed magnetic moment is
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strong frequency dependent peaks in the ac susceptibility
well below the magnetic ordering temperatures.11,18 We have
also measured magnetization isotherms at 2 K and 20 K,
which show linear behavior in agreement with the previous
results.10

It is interesting to compare the results of the susceptibility
of Sr3ZnRhO6 with those of the spin-chain system Sr3CuPtO6
with S = 1/2 that also exhibits a very similar broad max-
imum near 35 K and very little anisotropy in the single
crystal susceptibility above 10 K.19 The susceptibility data
of Sr3CuPtO6 have been analyzed on the basis of a 1D linear
Heisenberg S = 1/2 model (Bonner and Fischer20,21), with
inclusion of the interchain interaction. This analysis reveals
the ratio of the intrachain exchange interactions J to interchain
J ′, J/J ′ ≈ 3.12 This indicates the importance of both the
interchain and intrachain interactions. We therefore also have
analyzed our susceptibility data of Sr3ZnRhO6 using the same
model.

χH = Ng2µ2
B

kBT

A + Bx−1 + Cx−2

1 + Dx−1 + Ex−2 + Fx−3
(2)

χ = χH

1 − 2zJ ′χH/Ng2µ2
B

, (3)

where N is the Avogadro constant, x = |J |
kT

, A = 0.25, B =
0.14995, C = 0.30094, D = 1.9862, E = 0.68854, and F =
6.0626 and z is the number of interchain nearest neighbor,
taken as 2 is our case. We have used Eq. (3) to fit our
susceptibility data in Fig. 3(a). Our analysis of the suscep-
tibility between 30 K and 350 K gave |J |/kB = 27.6(2) K and
J ′/kB = −18.8(5) K that gives the ratio of |J |/J ′ = 1.47.
The fit to the data has been shown by a solid line [Fig. 3(a)].
This indicates the similar strength of intrachain and interchain
exchange. However, the interchain exchange is much stronger
in Sr3ZnRhO6 than in Sr3CuPtO6.

C. Heat capacity

The temperature-dependent heat capacity of Sr3ZnRhO6
has been measured in zero field and in applied fields up to 9 T
(not shown here, but indicating no field dependence). As we
can see in Fig. 4 in zero field a broad lambda type anomaly
is observed near 15 K, which is indicative of a long-range
magnetic transition. The room temperature value of the heat
capacity is 225 J/mole-K, which is close to 274 J/mole-K, the
value expected for the lattice contribution with 11 atoms per
unit cell. To estimate the phonon contribution we have also
plotted the Sr3ZnPtO6 heat capacity data in Fig. 4(a) between
2.4 K and 50 K. When the total measured heat capacity data
were plotted as CV /T vs. T 2 for Sr3ZnRhO6 the data below
12 K exhibited linear behavior, CV = γLTT + βT 3, which
gave γLT ≈ 4.5 mJ/mole-K2 and β = 1.438 mJ/mole-K4. β
contains both spin-wave and lattice contributions so it is not
possible to determine a reliable value of the Debye temperature
for Sr3ZnRhO6. A similar method applied to the nonmagnetic
reference compound, Sr3ZnPtO6 gave a Debye temperature of
396(4) K. In order to estimate the magnetic contribution of
the heat capacity, we subtracted the lattice contribution using
the Sr3ZnPtO6 data. The magnetic contribution, along with the
entropy, is plotted in Fig. 4(b) (inset). We have observed an
entropy of 2.39 J/mole-K at 20 K compared to 5.17 J/mole-K

FIG. 4. (Color online) The temperature dependence of the heat
capacity of Sr3ZnRhO6 (black circles) and the phonon reference
compound Sr3ZnPtO6 (red triangles). We have also plotted the
estimated magnetic contribution of the heat capacity of Sr3ZnRhO6

in the same figure (blue squares). The upper graph shows the heat
capacity, CV , as a function of temperature and the middle graph
shows the CV /T versus T 2 for the magnetic contribution. Both
graphs show a clear anomaly in the heat capacity of Sr3ZnRhO6

at approximately 16 K. We have also plotted the heat capacity (left y
axis) and differential of the susceptibility (right y axis) in the same
plot for comparison. The inset in b shows the entropy vs. temperature.

at 45 K. For a S = 1/2 ground state, one expects Rln(2) = 5.75
J/mole-K entropy to be recovered at TN . However, we recover
this full entropy at 45 K. This result along with a broad peak
in the magnetic heat capacity above TN [see Fig. 4(a)], as well
as the observed broad peak in the ac and dc susceptibilities
near 40 K, indicate the presence of short-range magnetic
correlations in the paramagnetic phase between 16 K and 50 K.
Now we discuss the magnetic contribution of the heat capacity
below TN , which will arise due to spin-wave excitations. For
a three-dimensional antiferromagnet with a linear spin-wave
dispersion relation (below TN ) the predicted behavior of the
magnetic heat capacity, CVmag = AmT 3 = (8πR/15)(T/θc)3,
where θc is a fit parameter, is of the order of the TN .22

Interestingly the magnetic heat capacity of Sr3ZnRhO6 below
TN exhibits a T 3 behavior [see Fig. 4(b)]. From the slope, we
have estimated θc = 33.3 K which is indeed of the order of
TN . Figure 4(c) clearly reveals that the peak in the differential
of the susceptibility, near 16 K, is in agreement with the λ
anomaly observed in the heat capacity.
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D. Muon spin relaxation

The temperature dependence of the muon spin relaxation
was measured in a zero field. For all temperatures above the
λ-type anomaly observed in the heat capacity [see Fig. 4(a)]
and anomaly in the magnetization (see Fig. 3), the muon spin
relaxation spectra can be described by a simple exponential
decay. No dramatic change in the relaxation rate was observed
across the broad peak observed in the susceptibility. This
is very similar to the observed µSR behavior of another
spin-chain system, Ba6ZnMn4O15, which also exhibits a broad
maximum in the susceptibility at 50 K (ordering below 5 K),
but µSR does not reveal any anomaly near 50 K.23 However,
on cooling below 16 K, coherent oscillations are observed
in the µSR spectra. This shows that we have a long-range
magnetically ordered ground state. The µSR spectra are
well described by three sinusoidal functions with a Gaussian
envelope and an exponential decay (see Fig. 5) given by the
functional form

Gz(t) =
3!

i=1

"
Aosc,i exp

#
−

σ 2
i t2

2

$
cos(2πνi t + φ)

+Ar,i exp(−λt)
%

+ Abckgrd, (4)

where Aosc,i and Ar,i are the initial asymmetries, σi are
the muon depolarization rates (arising from a distribution of
internal fields) forming a Gaussian envelope to the oscillating

FIG. 5. (Color online) The graphs on the left show the time
evolution of the muon spin relaxation for various temperatures (from
top to bottom: 14.7 K, 10.8 K, 3.44 K, 1.2 K). The graphs on the right
are the field distribution (using a maximum entropy technique) from
the muon spectra corresponding to the adjacent graph.

FIG. 6. (Color online) The temperature dependence of the three
muon frequencies (left). The line is a fit to the data using Eq. (4) in
the text. The right figure shows the oxygen octahedra and the muon
site (colored circles). The angle of the magnetic moment with respect
to the octahedron axis can result in more than one possible frequency,
as shown by the different color circles.

function with a frequency of νi and a phase φ, λ is the
muon spin relaxation rate, and Abckgrd is the background. This
suggests that there are three muon sites within the sample,
and one may also use three exponential relaxation functions.
However, the data suggest that these values of λ are so close
that the they can be fitted with one value. In order to determine
the number of frequencies in the complex muon spectra below
16 K, we have taken an effective Fourier transformation using
a maximum entropy technique. The results are shown in the
right-hand side of Fig. 5. This clearly shows three peaks in
the data and as the temperature is increased the positions of
the peaks in the internal field decreases as one would expect
when approaching a magnetic transition. Given that the O
ions occupy unique symmetry in Sr3ZnRhO6 the muon site is
likely to be six equivalent positions close to the oxygen (see
Fig. 6). Irrespective of the absolute positions of the muons,
the number of frequencies observed is determined by the local
symmetry of the Rh4+ moment. If the threefold symmetry is
preserved (i.e., Rh4+ moment is along the c axis) then only one
frequency will be observed. However, if we lose the threefold
symmetry and allow the magnetic moment along the plane of
the octahedral then we can see that by symmetry the muons
will experience three different magnetic fields (see Fig. 6).
Dipole field calculations confirm that there are three unique
fields at the oxygen site.

Let us now consider the temperature dependence of the
muon frequencies which are shown in Fig. 6. We can see at
low temperatures that all three frequencies reach a plateau and
as the temperature is increased the frequencies decrease to zero
at the ordering temperature. The temperature dependence of
the frequencies, which are a measure of the internal field at the
muon site, has been fitted with

ν (T ) = ν (0)
"

1 −
#

T

Tc

$α%β

(5)

A summary of the result from the fits is given in Table II
where for the two highest measured frequencies, the exponent
β is about 0.4. This indicates that Sr3ZnRhO6 can be thought
of as a Heisenberg 3D magnet or a mean field magnet,
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muon frequencies (left). The line is a fit to the data using Eq. (4) in
the text. The right figure shows the oxygen octahedra and the muon
site (colored circles). The angle of the magnetic moment with respect
to the octahedron axis can result in more than one possible frequency,
as shown by the different color circles.

function with a frequency of νi and a phase φ, λ is the
muon spin relaxation rate, and Abckgrd is the background. This
suggests that there are three muon sites within the sample,
and one may also use three exponential relaxation functions.
However, the data suggest that these values of λ are so close
that the they can be fitted with one value. In order to determine
the number of frequencies in the complex muon spectra below
16 K, we have taken an effective Fourier transformation using
a maximum entropy technique. The results are shown in the
right-hand side of Fig. 5. This clearly shows three peaks in
the data and as the temperature is increased the positions of
the peaks in the internal field decreases as one would expect
when approaching a magnetic transition. Given that the O
ions occupy unique symmetry in Sr3ZnRhO6 the muon site is
likely to be six equivalent positions close to the oxygen (see
Fig. 6). Irrespective of the absolute positions of the muons,
the number of frequencies observed is determined by the local
symmetry of the Rh4+ moment. If the threefold symmetry is
preserved (i.e., Rh4+ moment is along the c axis) then only one
frequency will be observed. However, if we lose the threefold
symmetry and allow the magnetic moment along the plane of
the octahedral then we can see that by symmetry the muons
will experience three different magnetic fields (see Fig. 6).
Dipole field calculations confirm that there are three unique
fields at the oxygen site.

Let us now consider the temperature dependence of the
muon frequencies which are shown in Fig. 6. We can see at
low temperatures that all three frequencies reach a plateau and
as the temperature is increased the frequencies decrease to zero
at the ordering temperature. The temperature dependence of
the frequencies, which are a measure of the internal field at the
muon site, has been fitted with
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A summary of the result from the fits is given in Table II
where for the two highest measured frequencies, the exponent
β is about 0.4. This indicates that Sr3ZnRhO6 can be thought
of as a Heisenberg 3D magnet or a mean field magnet,
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TABLE II. A summary of the results from fitting the temperature
dependence of the muon precession frequency.

ν (0) (MHz) α β

3.85(2) 2.7(3) 0.41(5)
2.18(1) 2.8(2) 0.40(3)
1.42(1) 3.1(4) 0.51(9)

although one expects a β of 0.367 or 0.5, respectively. The
lowest frequency has a β of 0.5 although with a large error.
We attribute this difference to the difficulty in measuring
a small frequency close to the magnetic transition. The α
value is much greater than 1 and this would imply that there
are complex interactions between the ordered Rh moments
which has been confirmed through our neutron diffraction
study (discussed in the next section). Furthermore, this has
already been reflected in the dc and ac susceptibilities, which
do not reveal a pronounced sign of antiferromagnetic ordering
(a clear peak at TN ) as we have seen in Sr3ZnIrO6 at
TN = 20 K.24 It is interesting to note that similar analysis
using Eq. (5) of the µSR relaxation rate of Ce8Pd24Ga,
which exhibits 3D AFM ordering at TN = 3.51 K,25 gave
β = 0.429(1) and α = 2.05(2).

The temperature dependence of σ shown in Fig. 7 reveals
that σ is almost temperature independent well below the
transition. However, as the temperature is increased then σ also
increases indicating that thermal fluctuations are increasing as
expected as the magnetic transition is approached.

E. Magnetic neutron diffraction

Figure 8 shows a neutron diffraction pattern collected at
1.5 K from the WISH diffractometer. At this temperature, there
are four weak additional Bragg peaks compared to the pattern
collected in the paramagnetic state at 25 K (see Fig. 8). The fact
that these peaks disappear above 16 K (see Fig. 9) and that their
intensities decrease with momentum transfer (Q) confirms
their magnetic origin. The peak positions can all be indexed
by the propagation vector k = (0, 1

2 ,1) in the hexagonal setting
of the R3c space group. This is a high-symmetry point of
the Brillouin zone, labeled k5 in the Kovalev’s notation26 and
equivalent to k = ( 1

2 , 1
2 ,0) in the rhombohedral setting.

FIG. 7. (Color online) The temperature dependence of σ for
Sr3ZnRhO6.
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FIG. 8. (Color online) Rietveld refinement of the neutron powder
diffraction pattern of Sr3ZnRhO6 at 1.5 K. The data are shown as gray
crosses, and the result of the refinement as a solid (red) line. The upper
and lower rows of tick marks indicate the position of nuclear and
magnetic Bragg peaks, respectively. The difference curve between
experimental data and refinement is shown at the bottom. The inset
displays an enlarged region of the diffraction pattern at high d spacing.
The arrows indicate magnetic Bragg scattering.

In order to propose a model for the magnetic structure, we
have classified the magnetic modes according to the irreducible
representations of the wave-vector group. Rh occupies the
0,0,0 site of the R3c group (Wyckoff site 6b). Excluding cen-
tring translations, there are only two symmetry-related posi-
tions at 0,0,0 and 0,0, 1

2 , so the magnetic representation % is six
dimensional. There are four one-dimensional representation in
the little group, labeled τi (i = 1,4) in Kovalev’s notation,26

but only two enter in the decomposition of % = 3τ1 + 3τ3.
The characters of the irreducible representations as well as
associated basis vectors are listed in Table III. Considering
that there is a unique and continuous transition observed in the
specific heat, the magnetic structure of Sr3ZnRhO6 must be
compatible with a single irreducible representation according
to the Landau theory of continuous phase transitions and
therefore should transform as τ1 or τ3.

In order to determine the symmetry, it is important to
observe that the glide plane operation c is time preserved in τ1
(character 1) and time reversed in τ3, which leads to different
extinction conditions. In the neutron data, the (1,− 1

2 ,0)
magnetic peak is extinct. Since this scattering vector (Q) points
along the a direction of the direct lattice, the unit-cell magnetic
structure factor for this reflection must either be null or directed

FIG. 9. The temperature dependence of the integrated intensity
of the d = 9.3Å peak taken from the data collected on the GEM
diffractometer. The line is a guide to the eye.
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FIG. 8. (Color online) Rietveld refinement of the neutron powder
diffraction pattern of Sr3ZnRhO6 at 1.5 K. The data are shown as gray
crosses, and the result of the refinement as a solid (red) line. The upper
and lower rows of tick marks indicate the position of nuclear and
magnetic Bragg peaks, respectively. The difference curve between
experimental data and refinement is shown at the bottom. The inset
displays an enlarged region of the diffraction pattern at high d spacing.
The arrows indicate magnetic Bragg scattering.

In order to propose a model for the magnetic structure, we
have classified the magnetic modes according to the irreducible
representations of the wave-vector group. Rh occupies the
0,0,0 site of the R3c group (Wyckoff site 6b). Excluding cen-
tring translations, there are only two symmetry-related posi-
tions at 0,0,0 and 0,0, 1

2 , so the magnetic representation % is six
dimensional. There are four one-dimensional representation in
the little group, labeled τi (i = 1,4) in Kovalev’s notation,26

but only two enter in the decomposition of % = 3τ1 + 3τ3.
The characters of the irreducible representations as well as
associated basis vectors are listed in Table III. Considering
that there is a unique and continuous transition observed in the
specific heat, the magnetic structure of Sr3ZnRhO6 must be
compatible with a single irreducible representation according
to the Landau theory of continuous phase transitions and
therefore should transform as τ1 or τ3.

In order to determine the symmetry, it is important to
observe that the glide plane operation c is time preserved in τ1
(character 1) and time reversed in τ3, which leads to different
extinction conditions. In the neutron data, the (1,− 1
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magnetic peak is extinct. Since this scattering vector (Q) points
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FIG. 9. The temperature dependence of the integrated intensity
of the d = 9.3Å peak taken from the data collected on the GEM
diffractometer. The line is a guide to the eye.
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TABLE III. (Left) Character of the irreducible representations
of the little group R3c, k = (0, 1

2 ,1). 2x is the twofold axis along
x,0, 1

4 and c is the glide plane at x,2x,z. (Right) Axial basis vectors
that transform according to the irreducible representations τ1 and τ3.
Components of the basis vectors along the hexagonal axis are given.

Sym. op. 2x 1 c Rh 1: 0,0,0 2: 0,0, 1
2

τ1 1 1 1 (τ1) φ11 (1,0,0) (1,0,0)
τ2 1 −1 −1 φ12 (0,1,0) (−1,−1,0)
τ3 −1 1 −1 φ13 (0,0,1) (0,0,−1)
τ4 −1 −1 1 (τ3) φ31 (1,0,0) (−1,0,0)

φ32 (0,1,0) (1,1,0)
φ33 (0,0,1) (0,0,1)

along a (in such a way that the magnetic interaction vector
projected in the plane perpendicular to Q is null). Inspection
of the basis functions for τ1 and τ3 shows that such condition
can be fulfilled in two ways only: for τ1, any combination
of the basis vectors φ1i i = 1, 3 will work, whereas for τ3,
only a magnetic mode involving φ31 is consistent with this
extinction. Fitting the data with the latter model leads to a
underestimation of the (2,− 3

2 ,−1)/(2,− 1
2 ,1) intensity by a

factor of 5. Therefore the magnetic neutron diffraction pattern
is not consistent with τ3. Considering now τ1, we found
that none of the φ1i i = 1, 3 modes taken separately give
a satisfactory agreement with the data. However, a solution
is found by refining a model with linear combination of the
three modes. The final refinement yields to a good description
of the experimental data (Fig. 8) and a magnetic Bragg
factor RB = 14%, as obtained by a fit with the software
FULLPROF.27 The mixing coefficients for the three modes φ1i

i = 1 − 3 are respectively 0.07(7), −0.40(7), and 0.60(4) µB .
The magnetic form factor for the Rh atom was used.28 There
is no contribution from the first mode within the sensitivity
of our measurement but significant contributions from the
other two. The structure is noncollinear, with a substantial
angular deviation of the magnetic moment with respect to the
c axis. Consequently, the threefold symmetry axis is lost, and
the magnetic transition corresponds to a change of magnetic
point group from 3m.1′ in the paramagnetic state to 2/m.1′

in the magnetically ordered state. The observation of three
frequencies in the muon data is also consistent with the loss of
threefold symmetry. A representation of the magnetic structure
is displayed in Fig. 10.

It is convenient to describe the magnetic configuration by
a single parameter θ which represents the angular deviation
of the moment with respect to the c axis. The magnetic
moment of the Rh ion at position 0,0,0, labeled 1 in
Fig. 10, is M(0,−sin(θ ),cos(θ )). For site 2 at 0,0, 1

2 , the moment
is M(sin(θ ),sin(θ ),−cos(θ )). θ is ≈ 33◦ and M = 0.7(1) µB .
The ordered moment is reduced by about 30% with respect
to the expected spin value. Such a reduction can be partially
explained by quantum fluctuations (usually of the order of
10% reduction in 3D systems). What is more surprising is
the noncollinear magnetic structure with the moments tilting
away from the c axis has never been observed in any isostruc-
tural compounds. For example, Ca3Co2O6, Ca3CoMnO6, and
Ca3CoFeO6 have all collinear antiferromagnetic ground states
with the moments directed along the c axis.29–31 We will now

FIG. 10. (Color online) (Right) Model of the magnetic structure
for Sr3ZnRhO6. The magnetic configuration within a single crys-
tallographic cell is displayed. Rh ions and associated moments are
shown as (red) spheres and arrows and RhO6 octahedra are shown in
light gray. Connections between Rh ions in the chains running along
the c axis are marked by solid (green) lines. θ indicates the angular
deviation of the moment with respect to the z axis (see text for details).
(Left) Projection in the ab plane of the magnetic arrangement for the
Rh ion at position 0,0,0 (labeled 1) and 0,0, 1

2 (labeled 2).

discuss the origin of such tilting. Magnetic interactions in this
system are mediated by super super-exchange through Rh-
O-O-Rh paths (including Rh-O-Zn-O-Rh for first neighbor)
as discussed by Lee et al.32 Each Rh ion has two nearest
neighbours along the chains at d = 5.54Å (interaction J 1), six
next nearest neighbours in adjacent chains at d = 5.85Å(J 2)
and six further neighbors at d = 6.67Å (J 3). In the limit of
isotropic exchange integrals, the magnetic energy per spin of
the observed magnetic structure is easily derived:

E =
!

1 + cos2θ

2

"
(J2 − J1) + J3. (6)

The stability condition, as derived from Eq. (6) generates
only two possible magnetic arrangements with θ = 0 or 90◦

depending on the sign and relative strengths of J1 and J2. So
the observed configuration must be stabilized by anisotropic
exchange or by local single ion anisotropy. Rh4+ ions occupy
sites of 3-symmetry, corresponding to an axial elongation of
the octahedron along the threefold axis (O-Rh-O angle of
85.68(1) degrees). In this symmetry, the octahedral t2g orbitals
are split into eg and ag levels, with the ag level lying higher
in energy.32 The low spin d5 electronic configuration of Rh is
e4
ga

1
g , i.e., a single electron in the ag level. The absence of spin-

orbit coupling for this level is consistent with the observation of
a pure spin contribution in the paramagnetic state and therefore
confirms this electronic configuration. However, the magnetic
structure found experimentally breaks the threefold symmetry
and therefore is inconsistent with a picture where the electronic
configuration corresponds to a singly occupied ag level. This
suggests that the eg levels, relatively close in energy, must
be taken into account in the multiconfiguration ground state
as explained in Ref. 10. Given that the eg levels are further
split by the spin-orbit interaction, unlike the ag level, the
transfer integrals in this system could be more complex than
originally thought. Ab initio calculations that take into account
the noncollinear spin structure derived in this work would be
helpful in determining the anisotropic exchange integrals and
what causes the observed spin structure.

024414-7



Spin dynamics

our naive inversion of the peak in S!Q". Significant magnetic
correlations continue till #5.4 Å, the tenth near neighbor
shell, with correlation terms close to zero thereafter. The de-
tailed R dependence of the spin-spin correlations in the x
=0.01 and x=0.05 samples is quantitatively identical, with
two shells exhibiting strong positive correlations at R
$4 Å !third neighbor shell" and R$5.4 Å !tenth neighbor
shell", leading us to conclude that the nature of the short-
range Mn spin configurational structure is unaffected by the
level of In concentration. Indeed these peaks in the correla-
tion spectrum are exactly the same as those seen in
!-Mn!Co" alloys, in which the Co substituents reside on the
Mn1 sublattice alone. We therefore claim that the disruption
of the magnetic Mn2 sublattice by the presence of nonmag-
netic In atoms has minimal effect on the ground-state mag-
netic structure of !-Mn. The spin-spin correlations are of
somewhat shorter range than was previously found for both
!-Mn!Al" !Ref. 14" and !-Mn!Co" !Ref. 11" dilute alloys.

V. MUON SPIN RELAXATION MEASUREMENTS

Muon spin relaxation !"SR" has, in the past, proved to be
a very valuable probe of dynamical properties of spin-

fluctuating itinerant magnets, such as YMn2.38–40 Indeed,
previous "SR studies of !-Mn alloys with Al and Ru dop-
ants have revealed magnetic dynamical phase transitions in-
accessible to other techniques.15,41 We have therefore per-
formed a "SR study of !-Mn1−xInx in order to characterize
the spin dynamics of the system, and to examine the apparent
formation of a spin-glass state at low temperatures

"SR spectra of !-Mn1−xInx with x=0.01 and 0.05 were
measured using the MuSR spectrometer at the ISIS pulsed
muon facility, U.K. The decay-positron asymmetry function
was measured as a function of time, in both zero-field !ZF"
and a longitudinal field !LF" of 10 mT. The asymmetry func-
tions measured for !-Mn0.99In0.01 as a function of tempera-
ture are shown in Fig. 10.

The ZF spectra !Fig. 10 top panel" were modeled using

a0Gz!t" = a1GKT!t" # GMag!t" + abg, !5"

where a0, a1, and abg are the initial, relaxing and background
initial asymmetries, respectively, and GKT!t" is the static
zero-field Kubo-Toyabe function,

GKT!t" =
1
3

+
2
3

!1 − $2t2"exp%−
$2t2

2
& , !6"

where the nuclear depolarization rate $2=%"
2 &2, where %" is

the muon gyromagnetic ratio !=8.52#108 rad s−1 T−1" and
&2 is the second moment of the static nuclear field distribu-
tion. The magnetic part of the relaxation function,

GMag = exp'− !'t"!( !7"

represents the relaxation contribution from the dynamic mag-
netic fields associated with fluctuating atomic spins. This
particular relaxation function is known as a stretched expo-
nential function, and has proved very successful in the de-
scription of the dynamics of spin glasses in the paramagnetic
regime.42,43 The multiplicative combination for the magnetic
and nuclear relaxation functions in Eq. !5" is valid providing
that the nuclear and atomic fields contribute independently to
the muon depolarization.
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FIG. 10. The asymmetry spectra measured on the MuSR spec-
trometer for !-Mn0.99In0.01 as a function of temperature. The top
panel shows the spectra measured in ZF with the solid lines repre-
senting fits to Eq. !5". The lower panel shows the data taken in 10
mT LF with the solid lines showing fits to Eq. !8"
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FIG. 11. The temperature dependence of the nuclear depolariza-
tion rate, $, for !-Mn1−xInx with x=0.01 !circles" and 0.05
!squares".
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proaches around 1/3 at around 30 K. This behavior of a drop
in the initial asymmetry indicates a transition to a static mag-
netic state with immediate depolarization of the 2/3 compo-
nents of muon polarization transverse to the static atomic
fields !randomly oriented". Further evidence for a dynamical
transition in the !-Mn1−xInx alloys studied comes from the
temperature dependence of the muon exponent !, from Eq.
!7", plotted in Fig. 13. Both the ZF and 10 mT runs show a
qualitatively similar behavior, with ! decreasing from 1 at
high temperatures, to around 1/3 at T#5 K for the x=0.01
composition, and T#30 K for the x=0.05 composition. The

temperature dependence of the muon relaxation rate, ", is
shown in Fig. 14. It has been possible to fit the muon relax-
ation rate to a critical form

" = "0$ Tg

T − Tg
%#

+ "bg !11"

in order to gain an accurate value for the freezing tempera-
ture. "bg is a nontemperature–dependent contribution to the
relaxation rate. This background contribution was found to
be 0.03 $s−1 for the ZF runs and 0.01 $s−1 for the 10 mT
runs. The ZF freezing temperatures found were; Tg
=6.4%0.6 K for x=0.01 and Tg=35%2 K for x=0.05. The
10 mT freezing temperatures found were; Tg=6.2%0.2 K
for x=0.01 and Tg=21%2 K for x=0.05. The values of Tg
found for the x=0.01 composition are similar to that found
using DC susceptibility, presented in Sec. II, of Tg#5 K.
However, there is a clear discrepancy between the freezing
temperatures deduced for the x=0.05 composition, with ZF
$SR, LF $SR and dc susceptibility all giving very different
values !35 K, 21 K, and 40 K, respectively". From the plot of
the temperature dependence of the initial asymmetry, a1 !Fig.
12" it is clear that the ZF and LF runs of the x=0.05 sample
present very different behaviors, with clear loss of initial
asymmetry at low temperatures in the ZF case, and no loss
!even apparent increase" in the initial asymmetry in the LF
case. Clearly, the application of a field even as small as 10
mT has a measurable effect of the magnetic fluctuations in
!-Mn1−xInx and therefore, the ZF runs should be regarded as
a more reliable indicator of the magnetic ground state. The
scaling exponent found for each of the alloys was found to
be in the range 1.1&#&1.5, allowing us to plot " on a
universal scaling plot vs. reduced temperature T /Tg−1, in
Fig. 15. Previously we noted that such a scaling plot revealed
a clear difference in behavior between !-Mn1−xAlx alloys
with Al concentrations x'0.09 and those with x(0.1.49 This
difference was associated with a quantum spin-liquid to spin-
glass transition at around 9 at. % Al, with a concomitant
shift from simple exponential to stretched exponential muon
depolarization. We note from Fig. 15 that the ZF muon re-
laxation rates show qualitatively the same scaling behavior
as the concentrated Al alloys, falling onto the same scaling
regime as the highly concentrated spin glass !-Mn1−xAlx al-
loys.

There is also evidence for residual fluctuations below the
freezing temperatures, by inspection of the low-temperature
asymmetry functions. If the local fields at the muon site were
completely static, one would expect a flat, nondepolarizing
muon spectrum, at a level of 1/3 of the high-temperature
initial asymmetry !since the spin system is randomly ori-
ented". In fact, there is considerable depolarization below the
freezing transitions in both !-Mn1−xInx compositions studied
!see Fig. 10". It is possible that !-Mn1−xInx may become
increasingly static as the temperature is further decreased
below the supposed freezing transition temperature, how-
ever, these temperatures were not accessed during the mea-
surement.
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FIG. 14. The temperature dependence of the muon relaxation
rate, ", for !-Mn1−xInx with x=0.01 !circles" and 0.05 !squares" in
zero field !solid symbols" and 10 mT !open symbols". The solid
lines show fits to a critical form given by Eq. !11"
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FIG. 15. The zero field muon relaxation rate, ", scaled to the
spin-glass freezing temperature Tg for !-Mn1−xInx with x=0.01
!hollow squares" and 0.05 !hollow circles". The data for
!-Mn1−xAlx with 0.03'x'0.2 previously presented in Ref. 49 are
also shown as solid symbols.
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Muons detect spin fluctuations in 
non-ordered magnets	

!
Exponential (or other) relaxation	


Stewart, et. al., Phys.Rev. B 82 (2011) 144439



Neutrons and spin-dynamics
Inelastic neutron scattering measures S(Q,ω) - sometimes called 
the scattering function, or dynamical structure factor	


S (Q, !) =
N~

⇡ (gµB)2
1

1� e�~!/kBT
�00 (Q, !)

so with neutrons we can measure the dynamical magnetic 
susceptibility directly	

!
Both muons and neutrons measure autocorrelation functions 
(spin-spin or field-field) - so should be comparable	


A powerful result in non-equilibrium thermodynamics is the 
Fluctuation-Dissipation Theorem of Kubo



Timescales
If we assume exponential spin-relaxation then for neutrons we 
have	

!
i.e.  A Lorentzian lineshape, with linewidth 

�00 (Q, !) = �(Q)
!�

�2 + !2

�

For muons G(t) will be exponential with time constant �

Relating the Field and Spin-autocorrelation functions with a 
(unknown) coupling constant G, it can be shown that

� = G
kBT

N

X

Q

�(Q)
�(Q)

so the timescales are not obvious.  Spin fluctuations of the order 
of terahertz may correspond to muon relaxation on the 
megahertz timescale
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e.g. YMn2

806 B.D. Rainfor d et al. /Journal of Magnetism and Magnetic Materials 140-144 (1995) 805-806 

assuming a particular form for the lineshape of the dynam- 
ical response, namely 

1 x ( q ) F ( q )  
- - I m  g(q ,  02) 
o9 C ( q ) 2  + o9 2 '  

with F(q) = Fo[q 2 + K2], it was possible to fit a spheri- 
cally averaged form of the response to the neutron data, in 
order to extract information about the linewidths. The 
values of F(q = 0) derived in this way are shown in Fig. 
1. It can be clearly seen that the linewidths increase 
monotonically with temperature. Also the substitution of 
Sc for Y, or of Fe for Mn, both of which decrease the unit 
cell volume, leads to a substantial increase in the 
linewidths. On the other hand substitution of AI for Mn, 
which increases the cell volume, causes a dramatic reduc- 
tion of the linewidth, i.e. a slowing down of the spin 
fluctuations. This is the first systematic evidence for the 
extreme sensitivity of the dynamical response to alloying 
in the YMn e system. 

In transverse /.tSR experiments on these alloys the 
muon relaxation rate A increases as the temperature is 
decreased, with close to a power-law dependence [7,8,9]. 
This result also points to a slowing down of the spin 
fluctuations rate. In [9] we have shown that the variation of 
A(T) for YMnl.sAlo. 2 agrees well with the temperature 
variation of the dynamical response seen by inelastic neu- 
tron scattering. It may be shown that 

BT x ( q )  
A = ~- ~ r(q) ( 1 )  

where B is a coupling constant. If it is assumed that the q 
dependence of the linewidth F is weak, i.e. F(q) = F(O), 
then we may relate F and A by F(T)-~ BTXL/A(T). In 
Fig. 2 (open symbols) we have plotted F(T) derived in 
this way, using the /xSR relaxation rates A(T) for YMn 2 

101 

~" 8- / / 

2 YMn2 

O ~ > ~  ~ 3 % F e  
0 50 100 150 200 250 300 

TEMPERATURE (K) 

Fig. 2. Linewidths F(T) for YMn 2 and YMn 2 xFex alloys. 
Open crossed squares YMn2, open squares YMn1.94Feo o6: F(T) 
derived from ~SR A(T) data via F = BXLT/A (see text). Closed 
triangles YMn2, closed squares YMnl.92Feo os, from neutron data 
(cf. Fig. 1). 

and for YMnt.94Feo.06, together with the Curie-Weiss 
form for XL, obtained from the neutron data. The closed 
symbols in Fig. 2 are the neutron values of F(T) for 
YMn 2 and YMnl.92Feo.08. The values represented by open 
symbols have been scaled by a single parameter, represent- 
ing the unknown value of the coupling constant B in Eq. 
(1). It can be seen that the slowing down behaviour of the 
spin fluctuation inferred from the /zSR A(T) is very 
similar to that derived from the inelastic neutron scattering 
data. The temperature dependence of the linewidths is 
close to linear for YMn 2 and the YMn2_xFe x alloys; this 
is in contrast to the behaviour found in the YMn2_xAI x 
alloys [3,9] (Fig. 1), in which the linewidths appear to 
follow an Arrhenius law, and decrease rapidly near T N or 
the spin glass temperature Tsc. 
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Fig. 1. Linewidths of dynamical response F(0) from inelastic 
neutron data for YMn 2 and for the alloys Yo.97Sco.o3Mn2, 
YMnl.92Feo.08, YMnl.94Alo.06 and YMnl.sAl0.2. 
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So muons can see high frequency spin 
fluctuations - in a 10th of the time….	
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A quantitative comparison with µSR

)TkEexp()T( Bao −Γ=Γ

For Y(Mn0.9Al0.1)2 Γ is Arrhenius-like:

with Ea/kBT = 280K and θ =93K

while χL follows a Curie law:

)T(C)T(L θ+=χ

We can therefore fit the expression

with c as the only free parameter to the 
muon data

)kT/Eexp()T(
cT)T(

a−θ+
=λ

Y(MnAl)2

Neutron and muon data are in excellent 
agreement – but while each muon 
spectrum takes 20min to collect, each 
neutron spectrum takes 12 hours Cywinski, Physica B 350 (2004) 17



e.g. β-Mn

our naive inversion of the peak in S!Q". Significant magnetic
correlations continue till #5.4 Å, the tenth near neighbor
shell, with correlation terms close to zero thereafter. The de-
tailed R dependence of the spin-spin correlations in the x
=0.01 and x=0.05 samples is quantitatively identical, with
two shells exhibiting strong positive correlations at R
$4 Å !third neighbor shell" and R$5.4 Å !tenth neighbor
shell", leading us to conclude that the nature of the short-
range Mn spin configurational structure is unaffected by the
level of In concentration. Indeed these peaks in the correla-
tion spectrum are exactly the same as those seen in
!-Mn!Co" alloys, in which the Co substituents reside on the
Mn1 sublattice alone. We therefore claim that the disruption
of the magnetic Mn2 sublattice by the presence of nonmag-
netic In atoms has minimal effect on the ground-state mag-
netic structure of !-Mn. The spin-spin correlations are of
somewhat shorter range than was previously found for both
!-Mn!Al" !Ref. 14" and !-Mn!Co" !Ref. 11" dilute alloys.

V. MUON SPIN RELAXATION MEASUREMENTS

Muon spin relaxation !"SR" has, in the past, proved to be
a very valuable probe of dynamical properties of spin-

fluctuating itinerant magnets, such as YMn2.38–40 Indeed,
previous "SR studies of !-Mn alloys with Al and Ru dop-
ants have revealed magnetic dynamical phase transitions in-
accessible to other techniques.15,41 We have therefore per-
formed a "SR study of !-Mn1−xInx in order to characterize
the spin dynamics of the system, and to examine the apparent
formation of a spin-glass state at low temperatures

"SR spectra of !-Mn1−xInx with x=0.01 and 0.05 were
measured using the MuSR spectrometer at the ISIS pulsed
muon facility, U.K. The decay-positron asymmetry function
was measured as a function of time, in both zero-field !ZF"
and a longitudinal field !LF" of 10 mT. The asymmetry func-
tions measured for !-Mn0.99In0.01 as a function of tempera-
ture are shown in Fig. 10.

The ZF spectra !Fig. 10 top panel" were modeled using

a0Gz!t" = a1GKT!t" # GMag!t" + abg, !5"

where a0, a1, and abg are the initial, relaxing and background
initial asymmetries, respectively, and GKT!t" is the static
zero-field Kubo-Toyabe function,

GKT!t" =
1
3

+
2
3

!1 − $2t2"exp%−
$2t2

2
& , !6"

where the nuclear depolarization rate $2=%"
2 &2, where %" is

the muon gyromagnetic ratio !=8.52#108 rad s−1 T−1" and
&2 is the second moment of the static nuclear field distribu-
tion. The magnetic part of the relaxation function,

GMag = exp'− !'t"!( !7"

represents the relaxation contribution from the dynamic mag-
netic fields associated with fluctuating atomic spins. This
particular relaxation function is known as a stretched expo-
nential function, and has proved very successful in the de-
scription of the dynamics of spin glasses in the paramagnetic
regime.42,43 The multiplicative combination for the magnetic
and nuclear relaxation functions in Eq. !5" is valid providing
that the nuclear and atomic fields contribute independently to
the muon depolarization.
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FIG. 10. The asymmetry spectra measured on the MuSR spec-
trometer for !-Mn0.99In0.01 as a function of temperature. The top
panel shows the spectra measured in ZF with the solid lines repre-
senting fits to Eq. !5". The lower panel shows the data taken in 10
mT LF with the solid lines showing fits to Eq. !8"
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FIG. 11. The temperature dependence of the nuclear depolariza-
tion rate, $, for !-Mn1−xInx with x=0.01 !circles" and 0.05
!squares".
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proaches around 1/3 at around 30 K. This behavior of a drop
in the initial asymmetry indicates a transition to a static mag-
netic state with immediate depolarization of the 2/3 compo-
nents of muon polarization transverse to the static atomic
fields !randomly oriented". Further evidence for a dynamical
transition in the !-Mn1−xInx alloys studied comes from the
temperature dependence of the muon exponent !, from Eq.
!7", plotted in Fig. 13. Both the ZF and 10 mT runs show a
qualitatively similar behavior, with ! decreasing from 1 at
high temperatures, to around 1/3 at T#5 K for the x=0.01
composition, and T#30 K for the x=0.05 composition. The

temperature dependence of the muon relaxation rate, ", is
shown in Fig. 14. It has been possible to fit the muon relax-
ation rate to a critical form

" = "0$ Tg

T − Tg
%#

+ "bg !11"

in order to gain an accurate value for the freezing tempera-
ture. "bg is a nontemperature–dependent contribution to the
relaxation rate. This background contribution was found to
be 0.03 $s−1 for the ZF runs and 0.01 $s−1 for the 10 mT
runs. The ZF freezing temperatures found were; Tg
=6.4%0.6 K for x=0.01 and Tg=35%2 K for x=0.05. The
10 mT freezing temperatures found were; Tg=6.2%0.2 K
for x=0.01 and Tg=21%2 K for x=0.05. The values of Tg
found for the x=0.01 composition are similar to that found
using DC susceptibility, presented in Sec. II, of Tg#5 K.
However, there is a clear discrepancy between the freezing
temperatures deduced for the x=0.05 composition, with ZF
$SR, LF $SR and dc susceptibility all giving very different
values !35 K, 21 K, and 40 K, respectively". From the plot of
the temperature dependence of the initial asymmetry, a1 !Fig.
12" it is clear that the ZF and LF runs of the x=0.05 sample
present very different behaviors, with clear loss of initial
asymmetry at low temperatures in the ZF case, and no loss
!even apparent increase" in the initial asymmetry in the LF
case. Clearly, the application of a field even as small as 10
mT has a measurable effect of the magnetic fluctuations in
!-Mn1−xInx and therefore, the ZF runs should be regarded as
a more reliable indicator of the magnetic ground state. The
scaling exponent found for each of the alloys was found to
be in the range 1.1&#&1.5, allowing us to plot " on a
universal scaling plot vs. reduced temperature T /Tg−1, in
Fig. 15. Previously we noted that such a scaling plot revealed
a clear difference in behavior between !-Mn1−xAlx alloys
with Al concentrations x'0.09 and those with x(0.1.49 This
difference was associated with a quantum spin-liquid to spin-
glass transition at around 9 at. % Al, with a concomitant
shift from simple exponential to stretched exponential muon
depolarization. We note from Fig. 15 that the ZF muon re-
laxation rates show qualitatively the same scaling behavior
as the concentrated Al alloys, falling onto the same scaling
regime as the highly concentrated spin glass !-Mn1−xAlx al-
loys.

There is also evidence for residual fluctuations below the
freezing temperatures, by inspection of the low-temperature
asymmetry functions. If the local fields at the muon site were
completely static, one would expect a flat, nondepolarizing
muon spectrum, at a level of 1/3 of the high-temperature
initial asymmetry !since the spin system is randomly ori-
ented". In fact, there is considerable depolarization below the
freezing transitions in both !-Mn1−xInx compositions studied
!see Fig. 10". It is possible that !-Mn1−xInx may become
increasingly static as the temperature is further decreased
below the supposed freezing transition temperature, how-
ever, these temperatures were not accessed during the mea-
surement.
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FIG. 14. The temperature dependence of the muon relaxation
rate, ", for !-Mn1−xInx with x=0.01 !circles" and 0.05 !squares" in
zero field !solid symbols" and 10 mT !open symbols". The solid
lines show fits to a critical form given by Eq. !11"
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FIG. 15. The zero field muon relaxation rate, ", scaled to the
spin-glass freezing temperature Tg for !-Mn1−xInx with x=0.01
!hollow squares" and 0.05 !hollow circles". The data for
!-Mn1−xAlx with 0.03'x'0.2 previously presented in Ref. 49 are
also shown as solid symbols.
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Muons sensitive to spin-liquid / 
spin-glass regimes in disordered 
magnets - no other technique sees 
this	




Neutron spin echo on β-Mn
Groups Q2-Q4 - 69°  to 87°  (Q=1.75)
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Superconductivity
Vortex lattice (VL) in mixed phase of type II superconductors

Type II Superconductivity:  the Mixed State and Vortex Lattice

● Type II Superconductivity is characterised by the mixed or vortex state:

●  Predicted by A. A. Abrikosov in 1957    -   Nobel Prize (2003)
●  First observed by Cribier et al. in 1967 by neutron diffraction.

Later imaged directly by Essmann and Traüble in 1968 by Bitter decoration

Vortex penetration into single crystal
ErNi2B2C

 (N. Saha et al., PRB 2000) 

Hexagonal VL in PbIn4% at 1.1 K and 40 mT

(Traüble and Essmann, 1968) 

H < Hc1 Hc1 < H < Hc2 H > Hc2

Pb-4at.%In
Essman and Träuble, 
Phys. Lett. 24A (1967) 526



Muons and VLs
Length scales:

ξ  – coherence length
(distance over which the SC order parameter
can be suppressed)

λ  – penetration depth
(screening length of magnetic fields)

Ratio: κ  = λ / ξ  defines Type II behaviour

• Basic properties of vortices and the vortex lattice

a
0
=Φ0B 

a
0
≈1 .07Φ0B 

● Abrikosov initially predicted a Square VL
… he changed his mind later!

● A Hexagonal VL is more energetically favorable
        but the energy difference is very small

Type II Superconductivity:  the Mixed State and Vortex Lattice
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Probing the flux lattice with muons

100nm100nm

µSR measures the local variations in flux density

Lee, in Muon Science (1999)



Muons and VLs
3

FIG. 3: (Color online) Typical muon asymmetry spectra in
ZrNi2Ga taken in a transverse field of 40 mT at 0.1 (upper),
1.55 (middle) and 2.9 K (lower). The line is a fit to the data
using Eqn. 1. For clarity, only one of the two virtual detectors
have been shown.

of the flux line lattice (A=4.83× 104 and 5.07× 104 for
a hexagonal and square lattice respectively)17. The su-
perfluid density is directly related to λ therefore it is dif-
ficult to understand a reduction in superfluid density at
the temperature is reduced. Now, considering the mean
field value coming as observed from the µSR spectra,
then at the same temperature in which the decrease in
σ1 is observed then an decrease in the field shifts, ∆B,
is also observed18,19. This change in mean field value
could indicate a structural change in the flux line lattice,
which could be square (low temp, T < 0.4 K) to hexag-
onal (high temperature, T > 0.4 K) giving the reduction
of σ and ∆B. Now considering the values for σ at the
peak and for T=0 then magnetic penetration depth can
be determined, now assuming a square flux line lattice
at low temperatures and hexagonal flux line lattice at
higher temperatures, λ are equal, within error, at 310(5)
nm.

Now we present a detailed analysis of the σsc(T ). The

FIG. 4: (Color online) The temperature dependence of
σ(hollow symbols) and ∆B (filled symbols) for fields of 30
(blue), 40(red) and 60 mT (green).

σ1 value measured whilst in the superconducting state,
σsc is a convolution of both the flux line lattice and the
nuclear moments. The contribution from the nuclear mo-
ments has been determined at a temperature just above
TC and has been assumed to be constant. This assump-
tion is justified by the longitudinal zero field µSR exper-
iment discussed earlier. Now using eqn. 2 the tempera-
ture dependence of λ can be determined. Here we have
assumed that we have a square lattice below T < 0.4 K
and hexagonal above. Clearly in Fig. 5 λ−2(T )/λ−2(0)
shows a flat temperature dependence after correcting for
the change in symmetry of the fluxline lattice at low tem-
peratures (T < 0.4 K) and hence supports the possibility
that there may be a structural change in the flux line
lattice. The superconducting gap can be modelled by

λ−2(T )

λ−2(0)
= 1 + 2

!

∞

∆(T )

"

∂f

∂E

#

E
$

E2 −∆(T )2
dE (3)

where f = [1 + exp (E/kBT )]
−1 which is the Fermi

function20. The temperature dependence of the gap was
approximated by21

∆(T ) = ∆(0)tanh[1.82(1.018(Tc/T − 1))0.51]. (4)

As can be seen from Fig. 5 the temperature depen-
dence of λ is very well described by an isotropic s-wave
model giving ∆(0)=0.44(1) meV.
Now considering the implication of these results,

ZrNi2Ga appears to be a conventional isotropic s-wave
superconductor, however, being a Heusler superconduc-
tor the half filled band at the Fermi surface should lead to
non-unitary superconductivity and hence time-reversal
symmetry breaking and non isotropic s-wave tempera-
ture dependence9,10. Neither of these characteristics are
experimentally observed for this compound. Therefore,
we can only conclude that this half filled band at the
Fermi surface is not the band responsible for the super-
conductivity or that this band is not half filled.

4

FIG. 5: The temperature dependence of the λ2(0)/λ2(T ).
The line is a fit to the data using an isotropic s-wave model
(see text for details).

In conclusion, µSR experiments have been carried out
on ZrNi2Ga. The zero field measurements do not show
any spontaneous fields appearing below the supercon-

ducting transition temperature (TC=2.8 K). This pro-
vides convincing evidence that time reversal symmetry
is not broken in the superconducting state of this ma-
terial. Indeed, we have probed the superconducting gap
and found that the temperature dependence of the super-
conducting gap can be described by an isotropic s-wave
gap with a T=0 K amplitude of ∆(0)=0.44 meV. This
implies that the half-filled bands at the Fermi surface are
not those responsible for the superconductivity. How-
ever, there is an unusual temperature dependence in σ,
which shows a small decrease in value, which coincides
with an increase in the mean field value. We conclude
that this is evidence of a structural change in the flux
line lattice may result from a square to hexagonal tran-
sition. Clearly, single crystal studies using both muons
and small-angle neutron diffraction are highly desirable.
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Muon damping rate    directly related to 
superconducting penetration depth	

!
Modelling         can give information on 
microscopic pairing symmetry 
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Neutrons and VLs
Small angle neutron scattering visualises the 2d  VL

● Intensity

●  Investigate the VL close to the temperature or field
   where superconductivity is destroyed

●  Investigate materials with long penetration depth
   e.g. High Tc’s, Organic SC’s, Heavy Fermion SC’s.

●  Time resolved studies

● Resolution

●  Determine complex vortex morphologies
●  Phase transitions in the vortex lattice
●  Spatially resolved studies

Vortex

Diffraction from the Vortex Lattice

Rocking Curve

SANS:  Diffraction from the Vortex Lattice

Vortex Lattice

� = 2d sin ✓

• Small-Angle Diffraction

● e.g.
Vortex Lattice in Superconductors

● Require additional measurements of longitudinal order
  (i.e. rocking-curves)

● 2D peak-fitting

● High resolution to resolve structural phase transitions

Hexagonal VL in Nb

Square VL in SrRuO Two-domain Rhombic
VL in YNi2B2C

Two domain Hexagonal
VL MgB2

Mixed phase rhombic
VL YNi2B2C

Resolution effects:  Beam divergence & Wavelength spread
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Vortex Lattice in Superconductors
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Rhombohedral VL  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High-Tc’s are particularly susceptible due to:

● Small coherence volume means pinning energies
  can be small

● Atomic defects act as good pinning centres

● Pinning is the origin of high Jc and for the most

  part all superconductivity engineering applications

Peak-effect in YNi2B2C

Disordered VL in PbInOrdered VL in PbIn

• Static disordering: i.e. pinning

The Vortex Lattice:   Energy Scales, Elasticity and Disordering

High-Tc’s are particularly susceptible due to:

● Small coherence volume means pinning energies
  can be small

● Atomic defects act as good pinning centres

● Pinning is the origin of high Jc and for the most

  part all superconductivity engineering applications

Peak-effect in YNi2B2C

Disordered VL in PbInOrdered VL in PbIn

• Static disordering: i.e. pinning

The Vortex Lattice:   Energy Scales, Elasticity and Disordering
General problem:  Elastic material + static and dynamic disordering

 →  Complicated H-T phase diagrams

The Vortex Lattice:   Energy Scales, Elasticity and Disordering

Vortex 'virtual' Soft-Matter

Neutrons and VLs
Intensity of spots: I(T) gives order parameter, I(Q) gives 
vortex field profile

Lattice Structure: gives info on anisotropy, 
symmetry, lattice pinning

VL phase transitions: gives energy scales of 
pinning, etc.



Diffusion
Diffusion in solids - applications to H-storage materials, ionic 
conductor (battery) materials, CO2 sequestration, …



Diffusion with muons

 121

depolarisation function.  Alternatively eq.(6.21) can be solved by numerical methods 

directly.   However, since numerical calculation of GDKT
z(t) requires considerable time 

and computing power, GDKT
z(t) may be tabulated and fitted to the experimental data 

using a linear interpolation routine [3].   

 

An analytical expression for the dynamic Kubo-Toyabe has been derived [7] by 

applying a perturbation expansion [8] to the strong collision model.   The expansion of 

(6.21) is performed on a time scale of 1/� and a field scale of �, and is therefore 

expected to hold for �/� < 1.   The analytical approximation in zero longitudinal field is, 

 [ ]		
�

�
��
�

�
�+�

�

�
= �� t1e2exp)t(G t

2

2

z
DKT . (6.22) 

This function is compared to a numerical solution of eq. (6.21) in figure 6.5 as a 

function of the dimensionless parameters R = �/� and T = �t. 

Figure 6.5 
The dynamic Kubo-Toyabe function plotted as a function of the dimensionless parameters, 
T=�t and R=�/�.   The numerical calculation of eq. (6.21) is shown in red and the 
analytical solution of eq. (6.22) in black.   The analytical formula is shown to be a good 
approximation of GDKT

z(t) for R > 1. 
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PROBING MAGNETIC ORDER IN LiMPO4 ( . . . PHYSICAL REVIEW B 84, 174403 (2011)

considerably smaller than the oscillation frequency and it
diverges smoothly approaching TN.

The relaxation rate ! behaves differently in LiFePO4,
compared with the other two samples. There is only a small
increase around TN but the primary feature occurs at 30 K,
well below TN. Associated with this feature is an increase
in the relaxing amplitude of the signal as the temperature is
increased. Examining the low-temperature data more carefully
allows us to identify a further oscillating component with an
amplitude around 10% of the primary oscillating component,
with an oscillation frequency of ∼120 MHz. This component
disappears above 30 K and appears to be replaced by the
strongly relaxing term that causes an increase in !. We
can suggest two possible origins for such behavior: Either
there is a ∼10% FePO4 impurity phase with TN ≃ 25 K,47

although delithiation is known to lead to a FePO4 phase with
TN ≃ 125 K,44 or this signal corresponds to a muon site which
is metastable up to ∼30 K. We do not find evidence for a
distinct impurity phase and the available data are consistent
with a second, metastable muon site.

IV. HIGH-TEMPERATURE RESULTS FOR LixFEPO4

To investigate the lithium diffusion behavior in LixFePO4
we measured three samples with x = 0.8, 0.9, and 1.0 at
temperatures between 75 and 400 K and at fields of 0 and
0.5 mT. By measuring at more than one magnetic field at each
temperature it is possible to get a more reliable determination
of the fitted parameters, since we have more information
on how the field distribution experienced by the muon is
decoupled by the field applied parallel to the initial muon spin
polarization. Examples of the raw data at the two magnetic
fields used are shown in Fig. 5 with the fits described below.

For our high-temperature measurements on LixFePO4 we
assume a Gaussian distribution of random local fields due to the
various magnetic moments present in the sample. For a static
magnetic system this would lead to a muon depolarization
described by the Gaussian Kubo-Toyabe function.48 Any
fluctuations present within the muon time window, which may
be caused by either lithium or muon diffusion, can be treated
using the strong collision approximation, leading to a dynamic
Kubo-Toyabe function.48 Analysis of the data measured at
a series of fields and temperatures using such a dynamic
Kubo-Toyabe function proved to be unsuccessful. In studies
of lithium-containing battery materials it has been usual to
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FIG. 5. (Color online) Raw µSR data for Li0.8FePO4 at 140 K
with fits to Eq. (4) as described in the text.

multiply the dynamic Gaussian Kubo-Toyabe function by an
exponential relaxation to eliminate any magnetic contribution
to the relaxation.28,29,32,34 This does not lead to reliable fits
to our raw data either. A consistently better quality of fit
was obtained by applying Keren’s analytic generalization of
the Abragam function appropriate for µSR,49 multiplied by a
temperature-independent relaxation rate fixed for each sample:

Pz(t) = exp[−"(#,ν,ωL,t)t] exp(−λt), (4)

where "(#,ν,ωL,t) is defined in Eq. (4) of Ref. 49. This
describes the muon polarization having subtracted a fixed
background signal. The parameter # describes the quasistatic
distribution of field at the muon stopping site, ν is the
temperature-dependent fluctuation rate, ωL = γµB is the
muon’s Larmor precession frequency in the applied magnetic
field, and λ is due to temperature-independent fluctuations.
(After initial unconstrained fits had been made, λ values were
fixed at 0.05, 0.02, and 0.1 MHz for the x = 0.8, 0.9, and
1.0 samples, respectively.) In the x = 0.9 sample we found
a strong temperature-independent relaxation coming from a
minority phase which could be subtracted from the data
analysis using Am exp(−!t), with the values of ! shown in
the inset to Fig. 6(b). The values of # and ν obtained from
these fits are shown in Figs. 6(a) and 6(b), respectively.

The # values in Fig. 6(a) show the trend observed in the vast
majority of lithium-containing battery materials investigated to
date for x = 0.9, where a low-temperature plateau is followed
by a smooth decrease to a high-temperature plateau.28,29,32,34

In the x = 0.8 and 1 samples there is a peak at around the
temperature where the low-temperature plateau ends in the x =
0.9 sample. The values of # ∼ 0.2 MHz are broadly similar
to those in LixCoO2,28 LiMn2O4,29 and Li1−xNi1+xO2,34 but
smaller than in Li3−x−yNixN.32

The temperature dependence of ν follows a similar trend
in each sample, with a slight fall from the lowest measured
temperature to around 100 K, followed by a smooth rise
toward ∼250 K, and then a sharp drop-off to either the
low-temperature value, or in x = 0.8, to the value at the peak. It
seems likely that the change observed below 100 K is due to the
buildup of magnetic correlations that are not well described
by our temperature-independent λ value. Above 100 K the
thermally activated growth in the hopping rate mirrors that
observed in LixCoO2

28 and Li1−xNi1+xO2,34 albeit with a
different temperature scale. The behavior above the peak at
∼250 K may be related to the onset of muon hopping, but this
may not be a unique explanation.

Comparing our results to those obtained previously nat-
urally leads to the question of whether the phenomena we
observe are associated with the diffusion of lithium and/or
muons. The similarity of the temperature dependencies of both
# and ν to previous results on other materials indeed suggest
that they are caused by the same phenomenon. This leaves
the further question of whether we can obtain quantitative
information about the lithium diffusion from our results. While
we could not use the dynamic Gaussian Kubo-Toyabe function
multiplied by an exponential used in Refs. 28, 29, and 34,
the modified Keren function we have employed provides the
same information and a more robust fit of our data over
the whole measured temperature range. That ν follows an
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FIG. 6. (Color online) Parameters derived from fitting Eq. (4)
to the µSR data for LixFePO4. (a) Field distribution width !. (b)
Fluctuation rate ν. Inset: Relaxation rate # for Li0.9FePO4. (c)
Fluctuation rate ν plotted against the inverse temperature to illustrate
the thermally activated behavior below about 250 K. The lines plotted
are fits to the data in the activated region with parameters described
in the text.

activated temperature dependence over a similar temperature
range to that observed in other materials, as is illustrated
in Fig. 6(c), strongly suggests that up to around 250 K we
can assign the change in ν to lithium diffusion. Above this
temperature it is likely that the muons become mobile and
this results in either a drop in ! or ν as the form of the data
changes.

Arrhenius fits to ν over the thermally activated region allow
us to estimate the energy barriers Ea for lithium diffusion,
which for x = 0.8, 0.9, and 1.0 are 130(10), 80(10), and
60(10) meV, respectively. Extrapolating the fits to 300 K for
comparison with other measured values gives us estimates of
the lithium hopping rate at room temperature of 2 × 106 s−1

(x = 0.8), 0.8 × 106 s−1 (x = 0.9), and 0.5 × 106 s−1 (x =
1.0). (The extrapolation to room temperature introduces an
error of ∼50% in these values whereas the individual points
within the measured range have errors around 10%.)

Taking the primary hopping pathway to be along the b
axis20,50 we can further estimate the diffusion constant for
LiFePO4. The distance traveled in each hop will be b/2 and

TABLE I. Comparison of reported estimates for DLi and Ea

obtained using different techniques (at room temperature unless
noted). A more detailed list of Ea values is given in Ref. 18.

Technique DLi (cm2s−1) Ea (meV)

µSR (this study) 10−10 to 10−9 ∼100
Mössbauer spectroscopy10 10−7 775 ± 108a

Mössbauer spectroscopy11 10−13 to 10−11 335 ± 25b

Titration and ac impedance12 10−15

Titration13 10−16 to 10−10

Impedance14 10−14

Cyclic voltammetry15 10−14 400
First-principles calculations16 10−8 270
First-principles calculation17 550
AC and DC conductivity18 620–740
AC impedance19 155
AC impedance (a axis)20 636(52)
AC impedance (b axis)20 540(48)
AC impedance (c axis)20 669(54)
Electrochemistry21 155

aDetermined around 600 K.
bDetermined around 450 K.

this leads to a diffusion constant DLi = b2ν/4. Given these as-
sumptions we estimate DLi = 1.9 × 10−9 cm2 s−1 for the x =
0.8 sample, and 7.6 × 10−10 cm2 s−1 and 4.6 × 10−10 cm2 s−1

for the x = 0.9 and x = 1.0 samples, respectively.
We can compare our estimates for the activation barrier

and diffusion constant to those derived from other techniques,
which are summarized in Table I. Most theoretical work and
experiments find Ea for lithium diffusion within the range
600–750 meV,10,18,20,23,51,52 although there is both theoretical
and experimental evidence for Ea ∼ 100–300 meV.16,19,21,53

Smaller energy barriers have been suggested for the electronic
conduction via the hopping of small polarons and it has
been argued that the polaron hopping may be correlated with
the hopping of lithium ions.10,22,23 The activation energy of
∼100 meV that we observe suggests that the hopping process
observed by the muons is unlikely to be associated with a
barrier as large as 600 meV and this suggests that another,
perhaps correlated, process facilitates lithium diffusion at
lower temperatures. It is conceivable that bulk measurements
are more sensitive to mesoscopic barriers beyond the length
scale investigated by muons.

The disparity between measurements of DLi from different
techniques is far greater than that seen for Ea , with values
ranging from 10−16 to 10−7 cm2 s−1.10,12–15 Theoretical work16

and local measurements, such as Mössbauer spectroscopy,10,11

seem to give larger values of DLi ∼ 10−13 to 10−7 cm2 s−1 than
bulk measurements, which give DLi ∼ 10−16 to 10−10 cm2 s−1

(Ref. 13). Our estimate lies within the overlap of these groups.
This suggests that there is a difference between microscopic
and bulk determinations of DLi which could result from
the effect of the LiFePO4/FePO4 phase boundary motion or
mesoscopic barriers to lithium diffusion such as the blocking
of diffusion channels by FeLi defects and grain boundaries,
the latter accentuated by the habit of crystallites to be platelets
with the b axis as their shortest dimension.
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Nuclear spin diffusion results in 
Dynamical Kubo-Toyabe

R =
⌫

�
T = �t



Diffusion with neutrons
Diffusion can be studied with neutrons using Quasi-elastic 
neutron scattering looking at the incoherent (single particle) 
scattering function

σ σ

Hydrogen 1.76 80.2

Deuterium 5.59 2.05

Lithium 1.90 0.92

Carbon 5.56 0

Nitrogen 11.0 0.5

Oxygen 4.23 0



Diffusion with neutrons
Fick’s law for diffusion (particle flux proportional to 
concentration gradient) gives rise again to exponential 
relaxation: so Lorentzian neutron scattering 

Let’s go back to the incoherent scattering law and how to fit the data – in the 

energy space we typically fit with Lorentzians. Let’s look at continuous long-
range isotropic translational diffusion. In this case particles follow Fick’s Law .

D (m2/s) is the diffusion coefficient and Γ is the half width at half maximum
(HWHM) which is this case = DQ2. Leads to a broadening of the elastic line 

following a given Q-dependence. Diffusion coefficient follows Arrhenius Law

Simple Translational Diffusion

!trans ', " = $
%

&
&'()' ie. a Lorentzian

* +, , = exp −+2)* 						,-./0/*123	,/*-	 4 = 1/()92)
FWHM=1/2*HWHM

) ≈ exp −12/45

Lorentzian half-width                  where D is the diffusion 
constant 

� = DQ2



e.g. LiFePO4

probably due to Li-diffusion. The T-dependent incoherent quasi-elastic
intensity (SincQE) is calculated by,

SQEinc Tð Þ ¼ SEinc 300 Kð Þ−SEinc Tð Þ
h i

=SEinc 300 Kð Þ: ð2Þ

Above 300K, SincQE(T) increases with T for each sample (see Fig. 3). Note
that the slope (dSincQE/dT) for the x= 0 sample is roughly the same to
that for the x= 2 sample, while the slope for the x= 1.75 sample is
steepest.

3.3. Activation energy

If we assume a thermal activation process for Li diffusion, we could
estimate the activation energy (Ea) in LLZONb from the ν(T) curve and
SincQE(T) curve. Fig. 4 shows the x dependence of Ea estimated by μ+SR
(EaμSR) and QENS (EaQENS) together with that determined by AC
impedance measurements (EaAC) [3]. It is found that EaμSR is comparable

to E
QENS

a , as expected, but both values are almost a half of EaAC. A very
similar discrepancy between Ea obtained by NMR and AC impedance
is also reported for several materials [5]. This suggests that the overall
diffusion of Li+ is not determined by an intrinsic nature of LLZONb but
by other factors, such as, grain boundaries, impurities, and defects. In
other words, EaAC would be reduced by improving a sample preparation
process.

3.4. Diffusion coefficient

The field fluctuation rate (ν) is thought to correspond to the jump
rate of Li+ ions between the neighboring sites, as in the case for LixCoO2

[6]. A self-diffusion coefficient of Li+ (DLi) is, therefore, given by [14]

DLi ¼
Xn

i¼1

1
Ni

1
Ni
Zυ;is

2
i ν; ð3Þ

where Ni is the number of Li sites in the i-th path, Zυ,i is the vacancy
fraction, si is jump distance, and ν is the field fluctuation rate obtained
by μ+SR measurements. Structural analyses using neutron diffraction
technique suggest that n = 3, namely, from the 24d site to the
neighboring four 96 h sites, from the 96 h site to the neighboring four
24d site, and from the 96 h site to the neighboring four 96 h site

Fig. 3. (a) The T dependence of SincQE and (b) SincQE as a function of 1/T.

a

b

Fig. 4. The relationship between the thermal activation energy (Ea) and x for LLZONb.
Triangles and squares represent Ea estimated by μ+SR and QENS. Circles represent Ea
determined by AC impedance measurements [3].
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Fig. 5. x dependences of (a) DLi obtained by μSR and σLi by ac impedance measurements
and (b) the number of mobile Li+ per unit cell.
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D /< d2 > ⌫
Diffusion constants measured by neutrons are connected to  the 
muon fluctuation rates by                        where d is the Li jump 
distance 

In this case μSR and 
QENS agree on the 
thermal activation regime	

!
Neutrons can check for 
non-Fick behaviour - most 
commonly Chudley-Elliot 
(jump diffusion on a 
lattice) by checking the Q 
dependence
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